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Motivations:


• Cryptography


• Bound entanglement
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A B

 or   
with probability 

ρAB σAB
1/2

• What is the best probability of successfully discriminating via global operations?

Psucc(ρAB, σAB) =
1
2 (1 +

1
2

∥ρAB − σAB∥1)

LOCC norm Matthews, Wehner, and Winter; CMP (2009)
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• What is the best probability of successfully discriminating via LOCC?

P(LOCC)
succ (ρAB, σAB) =

1
2 (1 +

1
2

∥ρAB − σAB∥LOCC)
(This can be regarded as the definition of LOCC norm)

LOCC norm Matthews, Wehner, and Winter; CMP (2009)
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Definition
 and  form a pair of -quantum data hiding states if:


•    (i.e., nearly indistinguishable under LOCC)


•    (i.e., perfectly distinguishable globally)

ρAB σAB ε
1
2

∥ρAB − σAB∥LOCC ≤ ε

1
2

∥ρAB − σAB∥1 = 1
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[Eggeling and Werner; PRL (2002)] exhibit separable states  and   such that:ρAB σAB

(i.e., they are not perfectly orthogonal)     but    
1
2

∥ρAB − σAB∥LOCC ≤ ε
1
2
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Does there exist a pair of separable -quantum data hiding states?ε
(i.e. a pair of states that are separable, orthogonal, and -close in LOCC-norm)ε
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• Our construction has local dimension D = O(1/ε10) .

• All -quantum data hiding states on  must satisfy ε ℂD ⊗ ℂD D = Ω(1/ε) .
Matthews, Wehner, and Winter; CMP (2009) 
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How to upper bound the LOCC norm?

• ∥ ⋅ ∥LOCC ≤ ∥ ⋅ ∥PPT

• If  and  satisfy a symmetry, then   ρ0 ρ1
1
2

∥ρ0 − ρ1∥PPT = linear program

Which symmetry to choose?

• 1st attempt:     (U ⊗ U) ρ (U ⊗ U)† = ρ ∀U No examples of separable orthogonal states

(Simple to analyse!)
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[Matthews, Wehner, and Winter; CMP (2009)]PPT norm

•
1
2

∥ρ0 − ρ1∥PPT = max
0 ≤ E ≤ 𝕀

0 ≤ EtB ≤ 𝕀

Tr[E(ρ0 − ρ1)] = semidefinite program

8/

How to upper bound the LOCC norm?

• ∥ ⋅ ∥LOCC ≤ ∥ ⋅ ∥PPT

• If  and  satisfy a symmetry, then   ρ0 ρ1
1
2

∥ρ0 − ρ1∥PPT = linear program

Which symmetry to choose?

• 1st attempt:     (U ⊗ U) ρ (U ⊗ U)† = ρ ∀U

• 2nd attempt:   (U ⊗ U*) ρ (U ⊗ U*)† = ρ ∀U

No examples of separable orthogonal states

Still no examples 

(Simple to analyse!)
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• ∥ ⋅ ∥LOCC ≤ ∥ ⋅ ∥PPT

• If  and  satisfy a symmetry, then   ρ0 ρ1
1
2

∥ρ0 − ρ1∥PPT = linear program

Which symmetry to choose?

• 1st attempt:     (U ⊗ U) ρ (U ⊗ U)† = ρ ∀U

• 2nd attempt:   (U ⊗ U*) ρ (U ⊗ U*)† = ρ ∀U

No examples of separable orthogonal states

Still no examples 

• 3rd attempt:   hyperoctahedral group(U ⊗ U) ρ (U ⊗ U)† = ρ ∀U ∈ It works!

(Simple to analyse!)
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G :=
d−1

∑
j=0

(−1)xj |π( j)⟩⟨j | : π ∈ Sd, x ∈ {0,1}d

1
|G | ∑

U∈G

(U ⊗ U) X (U ⊗ U)† =
3

∑
i=0

Tr[XΘi]
Θi

Tr[Θi]

Twirling w.r.t. hyperoctahedral group (permutations+signs)
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Θ0 := Φ, Θ1 := P − Φ, Θ2 :=
𝕀 + F − 2P

2
, Θ3 :=

𝕀 − F
2

,
(Projector on the antisymmetric subspace)

Φ :=
1
d

d−1

∑
i,j=0

|i⟩⟨j| ⊗ |i⟩⟨j| (Max. ent. state)

(Max. ent. state)
Φ ΦP

P FF
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d Θ0+

2
d2 Θ2

σ1 := 1
2(d − 1) Θ1+

1
d(d − 1) Θ3
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1
2

∥ρ(k)
0 − ρ(k)

1 ∥PPT = linear program

Symmetry

11/

1
2

∥ρ(k)
0 − ρ(k)

1 ∥PPT = inf
x∈ℝ4k [∥x∥1 + ∥W⊗kx − r⊗k∥1]

where  and . W ∈ ℝ4×4 r ∈ ℝ4
r :=

1
2d

− 1
4

d − 1
2d

− 1
4

W :=

1
d

1
d

1
d − 1

d

1 − 1
d 1 − 1

d − 1
d

1
d

d − 1
2 − 1

2
1
2

1
2

− d − 1
2

1
2

1
2

1
2

PPT norm between the even and odd states

ρ(k)
1 :=

1
2k−1 ∑

x1, …, xk ∈ {0,1}
x1 + ⋯ + xk ≡ 1 (mod 2)

σx1
⊗ ⋯ ⊗ σxk

ρ(k)
0 :=

1
2k−1 ∑

x1, …, xk ∈ {0,1}
x1 + ⋯ + xk ≡ 0 (mod 2)

σx1
⊗ ⋯ ⊗ σxkEven state:

Odd state:
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•
1
2

∥ρ(k)
0 − ρ(k)

1 ∥PPT = inf
x∈ℝ4k [∥W⊗kx − r⊗k∥1 + ∥x∥1]
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•
1
2

∥ρ(k)
0 − ρ(k)

1 ∥PPT = inf
x∈ℝ4k [∥W⊗kx − r⊗k∥1 + ∥x∥1]

≤ 2k+ 1
2 inf

x∈ℝ4k
∥W⊗kx − r⊗k∥2

2 + ∥x∥2
2
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•
1
2

∥ρ(k)
0 − ρ(k)

1 ∥PPT = inf
x∈ℝ4k [∥W⊗kx − r⊗k∥1 + ∥x∥1]

≤ 2k+ 1
2 inf

x∈ℝ4k
∥W⊗kx − r⊗k∥2

2 + ∥x∥2
2

inf
x [∥Ax − b∥2

2 + ∥x∥2
2] = ∑

i

(u⊺
i b)2

1 + σ2
i

where  is a singular value decomposition for AA = ∑
i

σi uiv⊺
i

Tikhonov-regularised least squares
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•
1
2

∥ρ(k)
0 − ρ(k)

1 ∥PPT = inf
x∈ℝ4k [∥W⊗kx − r⊗k∥1 + ∥x∥1]

≤ 2k+ 1
2 inf

x∈ℝ4k
∥W⊗kx − r⊗k∥2

2 + ∥x∥2
2

inf
x [∥Ax − b∥2

2 + ∥x∥2
2] = ∑

i

(u⊺
i b)2

1 + σ2
i

where  is a singular value decomposition for AA = ∑
i

σi uiv⊺
i

Tikhonov-regularised least squares

• The last step of the proof uses the Sanov’s theorem
(Sanov’s theorem quantifies how unlikely it is that an empirical distribution of  i.i.d. samples deviates from the true distribution)k
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Proposition

The even and odd states satisfies

(Upper bound on the LOCC-norm between the even and odd states)

1
4

∥ρ(k)
0 − ρ(k)

1 ∥LOCC ≤ μk

where .μ ∈ (0,1) μ = 1 −

5
8 + 1

d ( 1
4 + 2

d + 9
d2 − 6

d3 − 2 ( 9
4 + 3

d + 1
d2 ) 1 − 2

d + 4
d )

1 + 2
d + 4

d2
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4 + 2

d + 9
d2 − 6

d3 − 2 ( 9
4 + 3

d + 1
d2 ) 1 − 2

d + 4
d )

1 + 2
d + 4
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For  sufficiently large, it holds , i.e.k
1
2

∥ρ(k)
0 − ρ(k)

1 ∥LOCC ≤ ε

 and  form a pair of separable -quantum data hiding states.ρ(k)
0 ρ(k)

1 ε
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Optimising over , the local dimension is k D = O(1/ε10) .
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1
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∥ρ(k)
0 − ρ(k)

1 ∥LOCC ≤ ε

 and  form a pair of separable -quantum data hiding states.ρ(k)
0 ρ(k)

1 ε

Optimising over , the local dimension is k D = O(1/ε10) .

All -quantum data hiding states on  must satisfy ε ℂD ⊗ ℂD D = Ω(1/ε) . Matthews, Wehner, and Winter; CMP (2009) 
Lami, Palazuelos, and Winter; CMP (2018)
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Conjecture

•  

Let  separable-orthogonal states satisfying . Then, for  sufficiently large, 

the associated even and odd states form a pair of separable -quantum data hiding states.

σ0, σ1
1
2

∥σ1 − σ0∥LOCC < 1 k
ε

This would imply:

Open problem (Sub-multiplicativity of LOCC-norm)

(And similar the PPT norm)
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Thank you!
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