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operational state transformation rates

Almost-iid information theory
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Operationally, such quantities are inferred from many copies of  .ρ

Measurements (POVM [MxSxex)
Px = +r(Mx5)
↳ probabilities

Entropy (v. N.

H(S) = tr(slog(s))
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Motivation

ρ ρ ρ ρ ρ⊗nρ(n) =

1) Collect data: Determine frequencies    of  the outcomes  . 

          Law of  large numbers:    

2) Infer                from   .

λx x = (x1, …, xn)
λx

n→∞⟶ pX

λx

BUT:   There exist other states    leading to the same    (asymptotically)!ρ(n) ≠ ρ⊗n λx

Example:  How to determine ?



Motivation

ρ ρ ρ ρ ρ⊗nρ(n) =

BUT:   There exist other states    leading to the same    (asymptotically)!ρ(n) ≠ ρ⊗n λx

Why do we care?   

• Information theory techniques           often based on iid assumptions 

• We often work with the whole object   

• Are non-iid resources as effective as iid resources?

ρ(n)

⇒ Example for  :   Almost-iid states !ρ(n)

Today!
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Definition of almost-iid states

ρ⊗n
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Definition (special case     ):

whose dimension is denoted by d. The symmetric subspace is given by Sym(H⌦n) := span
. Let V(H⌦n, |��⌦m) := {✓(|��⌦m

i |⌦(n�m)
�) : ✓ 2 Sn, |⌦(n�m)

� 2 H
⌦n�m

} and

[2] Renner; PhD Diss. (2005) 
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λx
n→∞⟶ pX = tr (M(⋅) ρ)

[2]

(arXiv: 2603.15792)



Robustness of information measures

Entropy

ρ ρ ρ ρ ρ(n)

(arXiv: 2603.15792)



Robustness of information measures

Entropy Squashed entanglement

ρ ρ ρ ρ ρ(n)

⇒ What about other measures, e.g., entanglement cost  and distillation  ? EC ED

[3]

[3] Christandl-Winter; JMP (2004) 

⟹

(arXiv: 2603.15792)



Robustness of information measures

ρ ρ ρ ρ

⇒ What about other measures, e.g., entanglement cost  and distillation  ? EC ED

⇒ Another crucial point:  

ρ(n)

Goal Modify the definition of  state transformation rates operational !

(arXiv: 2603.15792)



Operational  
state transformation rates



State transformation rates

Traditional:

– Two state sequences ⇢⇢⇢ and ⌧⌧⌧ are said to be equivalent if the function g(n) := 1
2k⇢

(n)
�⌧ (n)k1

is subexponentially decreasing (here, k · k1 denotes the trace norm). In this case, we write
⇢⇢⇢ ' ⌧⌧⌧ .

– Note that the above relation indeed defines an equivalence relation.

– Furthermore, for any two sets A and B of state sequences, we write A ⇢
⇠

B if for any element
⇢⇢⇢ 2 A there exists an element ⌧⌧⌧ 2 B such that ⇢⇢⇢ ' ⌧⌧⌧ .

• Set of almost-i.i.d. state sequences: For a (single-copy) state ⇢, we (informally) define a set of
almost-i.i.d. state sequences in ⇢ with subpolynomial number of defects as

A(⇢) :=
n
⇢⇢⇢
��� 9L � 0,  2 [0, 1) 8n 2 N : ⇢(n) is an almost-i.i.d. state in ⇢ with dLn

e defects.
o

For instance, the operational rate from Definition 1.2 can now be written with the above notation
as

Rtom
F (⇢ ! �) = sup

n
r
�� 9 PPP

(r)
2 F : PPP

(r)�OP(tom(·); ⇢)
�
✓ OP(tom(·);�)

o
. (2)

Main results. The first main result shows that, by tracing away a sublinear amount of copies, a
permutation invariant state sequence from the operational set is asymptotically equal to an almost-
i.i.d. state with a subpolynomial number of defects.

Theorem 2.1 (Characterising the operational set). (informal)

Let tom(·) be any sensible tomography protocol. Let ⇢⇢⇢ 2 OP(tom(·); ⇢) and assume ⇢⇢⇢ to be

permutation invariant. Then, for any ↵ 2 (0, 1), we find

trtrtr↵
�
⇢⇢⇢
�
' ⌧⌧⌧ 2 A(⇢) . (3)

The second main result follows as a consequence of the previous theorem. Under certain (standard)
assumptions on the set of free operations F , we can show that the operational rate can be expressed
in terms of almost-i.i.d. state sequences.

Theorem 2.2 (Characterising the operational transformation rate). (informal)

For a given sensible tomography protocol tom(·), set of (free) operations F , and any two density

operators ⇢ and �, we find

Rtom
F (⇢ ! �) = sup

n
r
�� 9 PPP

(r)
2 F : PPP

(r)�
A(⇢)

�
⇢
⇠

A(�)
o

=: R̃F (⇢ ! �) . (4)

In particular, Theorem 2.2 shows that the operational transformation rate is independent of the
actual choice of the tomography protocol tom(·). In addition, it can be shown that

R̃F (⇢ ! �) � R̃F (⇢ ! ⌧)R̃F (⌧ ! �) (5)

for any density operators ⇢, �, and ⌧ . Hence, it follows from Theorem 2.2 that the operational
transformation rate satisfies the necessary transitivity property for a reasonable transformation rate.
Furthermore, Equation (4) substantially simplifies the analysis of the operational transformation rate
and allows us to compare it to other asymptotic transformation rates that are widely studied in the
literature [2]. For instance, note that standard asymptotic transformation rates (such as entanglement
cost or distillation) may be expressed in our notation as

RF (⇢ ! �) = sup
n
r
�� 9 PPP

(r)
2 F : PPP

(r)�⇢⇢⇢iid
�
' ���iid

o
, (6)

3

What if What if

What if

What if

What if

  ?ρ(n) ≈ϵ ρ⊗n we have a defect:    ?ρ(n) = ρ⊗n−1 ⊗ ω

we have a defect, but we don’t know where ?

we have superpositions of  defect (almost-iid states) ?

 even more general ?ρ(n)



This is a work-in-progress submission. The present document should be regarded as an extended abstract, with

definitions and main results stated informally. While all definitions and results admit precise formulations,

the authors have chosen to present them informally for simplicity and conceptual clarity.
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Abstract
Typically, multiple copies of a quantum state are described by a tensor product. However,

from an operational point of view, where an experimentalist has access to each individual copy

separately, this i.i.d. assumption is a priori not justified. In the following, we relax the i.i.d.

assumption by considering a whole set of states that are practically indistinguishable from a tensor

product state, and in that sense look like many copies of the quantum state to the experimentalist.

Using a de Finetti-type argument, we show that this operational set of states can (asymptotically)

be represented by “almost-i.i.d.” states. As an application, we study a modified notion of state

transformation rates, such as entanglement cost and distillation, that accounts for this more general

structure.

1 Motivation

Let ⇢ 2 S(HC) and � 2 S(HD) be density operators. For a given set of (free) operations F , such as
the set of LOCC operations, one may consider the conversion of m copies of ⇢ into n copies of �, i.e.,

⇢(m) F
�! �(n) , (1)

such that the asymptotic rate R ⌘ n/m is maximal. Here, ⇢(m)
2 S(H⌦m

C ) and �(n)
2 S(H⌦n

D )
represent the m and n copies of ⇢ and �, respectively. Typically, multiple copies of any state are
assumed to be described by a tensor product, e.g., ⇢(m)

⌘ ⇢⌦m. However, from an operational point
of view, where an experimentalist has access to each individual copy separately, this assumption is a
priori not justified. In the following, we want to relax this assumption by considering a whole set of
states ⇢(m) that are operationally indistinguishable from a tenor power state ⇢⌦m, and in that sense
look like many copies of ⇢ to the experimentalist.

More formally, we capture this set of states as follows. Let ⇢ 2 S(HC) be a density operator.
We consider a setup where an experimentalist is given a source that is supposed to produce multiple

copies of ⇢. In order for the experimentalist to verify that the source is actually producing the state ⇢,
they can perform a (local) tomography procedure tom(·). The tomography procedure can be rather
general, but has to satisfy certain minimal requirements. For instance, tom(·) should be a sensible

tomography protocol in that it guesses the correct single-copy state in the case where the (multi-copy)
input state has a tensor power structure (iid), and it should satisfy a weak form of the requirement
that an experimentalist has access to each individual copy of the quantum state separately. As an
example, one may think of a standard tomography protocol with product structure.

Then, for a fixed tomography protocol tom(·) and any (single-copy) state ⇢ 2 S(HC), we define
the following operational set of (multi-copy) state sequences,

Definition 1.1 (Operational set of multi-copy states). (informal)

OP(tom(·); ⇢) :=

⇢�
⇢(n)

�
n2N

��� Pr
⇥
tom

�
⇢(n)

�
⇡ ⇢

⇤ n!1
�! 1

�
.
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State transformation rates – Definition

Operational rate (intuitive): ρ ρ ρ ρρ(n) = tom( )⋅ ̂ρ ≈ ρ

Operational set (informal):

Assumptions on tom( ):⋅ 1

2 3

works for iid input

consistent under random sampling robust under “easy” defects

Operational rate:

– Two state sequences ⇢⇢⇢ and ⌧⌧⌧ are said to be equivalent if the function g(n) := 1
2k⇢

(n)
�⌧ (n)k1

is subexponentially decreasing (here, k · k1 denotes the trace norm). In this case, we write
⇢⇢⇢ ' ⌧⌧⌧ .

– Note that the above relation indeed defines an equivalence relation.

– Furthermore, for any two sets A and B of state sequences, we write A ⇢
⇠

B if for any element
⇢⇢⇢ 2 A there exists an element ⌧⌧⌧ 2 B such that ⇢⇢⇢ ' ⌧⌧⌧ .

• Set of almost-i.i.d. state sequences: For a (single-copy) state ⇢, we (informally) define a set of
almost-i.i.d. state sequences in ⇢ with subpolynomial number of defects as

A(⇢) :=
n
⇢⇢⇢
��� 9L � 0,  2 [0, 1) 8n 2 N : ⇢(n) is an almost-i.i.d. state in ⇢ with dLn

e defects.
o

For instance, the operational rate from Definition 1.2 can now be written with the above notation
as

Rtom
F (⇢ ! �) = sup

n
r
�� 9 PPP

(r)
2 F : PPP

(r)�OP(tom(·); ⇢)
�
✓ OP(tom(·);�)

o
. (2)

Main results. The first main result shows that, by tracing away a sublinear amount of copies, a
permutation invariant state sequence from the operational set is asymptotically equal to an almost-
i.i.d. state with a subpolynomial number of defects.

Theorem 2.1 (Characterising the operational set). (informal)

Let tom(·) be any sensible tomography protocol. Let ⇢⇢⇢ 2 OP(tom(·); ⇢) and assume ⇢⇢⇢ to be

permutation invariant. Then, for any ↵ 2 (0, 1), we find

trtrtr↵
�
⇢⇢⇢
�
' ⌧⌧⌧ 2 A(⇢) . (3)

The second main result follows as a consequence of the previous theorem. Under certain (standard)
assumptions on the set of free operations F , we can show that the operational rate can be expressed
in terms of almost-i.i.d. state sequences.

Theorem 2.2 (Characterising the operational transformation rate). (informal)

For a given sensible tomography protocol tom(·), set of (free) operations F , and any two density

operators ⇢ and �, we find

Rtom
F (⇢ ! �) = sup

n
r
�� 9 PPP

(r)
2 F : PPP

(r)�
A(⇢)

�
⇢
⇠

A(�)
o

=: R̃F (⇢ ! �) . (4)

In particular, Theorem 2.2 shows that the operational transformation rate is independent of the
actual choice of the tomography protocol tom(·). In addition, it can be shown that

R̃F (⇢ ! �) � R̃F (⇢ ! ⌧)R̃F (⌧ ! �) (5)

for any density operators ⇢, �, and ⌧ . Hence, it follows from Theorem 2.2 that the operational
transformation rate satisfies the necessary transitivity property for a reasonable transformation rate.
Furthermore, Equation (4) substantially simplifies the analysis of the operational transformation rate
and allows us to compare it to other asymptotic transformation rates that are widely studied in the
literature [2]. For instance, note that standard asymptotic transformation rates (such as entanglement
cost or distillation) may be expressed in our notation as

RF (⇢ ! �) = sup
n
r
�� 9 PPP

(r)
2 F : PPP

(r)�⇢⇢⇢iid
�
' ���iid

o
, (6)

3



Main results

Corollary 2.2 (Characterising the operational transformation rate). For a given sensible to-
mography protocol tom(·), set of (free) operations F , and any two density operators ⇢ and ⌧,
we find

Rtom
F (⇢ k ⌧) = sup

n
r
�� � PPP

(r)
' F : PPP

(r)o
A(⇢)

�
⇢
⇠

A(⌧)
�

=: R̃F (⇢ k ⌧) . (4)

In particular, ?? shows that the operational transformation rate is independent of the actual choice

i.i.d. state with a subpolynomial number of defects.

Theorem 2.1 (Characterising the operational set). Let tom(·) be any sensible tomography
protocol. Let ⇢⇢⇢ ' OP(tom(·); ⇢) and assume ⇢⇢⇢ to be permutation invariant. Then, for any
 ' (0, 1), we find

trtrtr
o
⇢⇢⇢
�
2 ��� ' A(⇢) . (3)

The second main result follows as a consequence of the previous theorem. Under certain (standard)

R̃F (⇢ ! �) = sup
�
r
�� 9 PPP

(r)
2 F : PPP

(r)n⇢⇢⇢iid
�
⇢
⇠

A(�)
o

Extra:



Main results – special caseswhere we have defined the i.i.d. state sequences ⇢⇢⇢iid :=
n
⇢⌦n

�
n2N and ���iid :=

n
�⌦n

�
n2N .

On the other hand, it turns out that we can further simplify the operational transformation rate,
namely

R̃F (⇢ ! �) = sup
�
r
�� 9 PPP

(r)
2 F : PPP

(r)n⇢⇢⇢iid
�
⇢
⇠

A(�)
o

(7)

for any two density operators ⇢ and �. Comparing Equations (6) and (7), the question arises whether
there may even be equality between these two rates.

We can answer this question in the particular case where F = LOCC and � = | ih | corresponds
to the maximally entangled state. Here, the process of conversion is called distillation and its optimal
asymptotic rate defines the distillable entanglement ED(A : B)⇢ [1]. We show that the operational
and standard asymptotic transformation rates for entanglement distillation coincide.

Corollary 2.3. For any density operator ⇢ and � = | ih |, we find

ED(A : B)⇢ = RLOCC(⇢ ! �) = R̃LOCC(⇢ ! �) =: ẼD(A : B)� . (8)

Discussion. In this work, we study the setting in which an experimentalist has access to multiple
copies of a quantum state of interest. To capture the operational limitations of such a scenario, we
introduce a class of states – referred to as the operational set – that are indistinguishable in practice
from tensor power states, as they appear to the experimentalist like many copies of the same state.
Based on this framework, we define an asymptotic transformation rate that incorporates this broader
operational perspective.

We find that the corresponding operational distillable entanglement ẼD coincides with its i.i.d.
counterpart ED. However, it remains open whether the equality between Equations (6) and (7) holds
in general. In particular, for the case of entanglement cost, it can be verified that the operational
version is smaller than the standard one (ẼC  EC), while the converse inequality remains unclear.

Importantly, the operational asymptotic transformation rate is, by construction, robust to small
perturbations and experimental imperfections. Should equality between Equations (6) and (7) hold,
this robustness would extend to the standard transformation rate as well. Conversely, if the two rates
ultimately di↵er, we argue that the operational definition constitutes the more natural notion of an
asymptotic transformation rate from a physical and experimental standpoint, even if the standard
(i.i.d.) definition possesses a higher degree of mathematical elegance.
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Extra:

Entanglement distillation:

Entanglement cost:

ED(ρ) = R(ρ → |Φ+⟩⟨Φ+ |)

EC(ρ) = 1
R( |Φ+⟩⟨Φ+ | → ρ)



Conclusion

TODAY: 

Notion of  almost-iid states

1
3 ( + + (| ⟩ | ⟩ | ⟩

– Two state sequences ⇢⇢⇢ and ��� are said to be equivalent if the function g(n) := 1
29⇢

(n)
�� (n)91

is subexponentially decreasing (here, 9 · 91 denotes the trace norm). In this case, we write
⇢⇢⇢ 2 ��� .

– Note that the above relation indeed defines an equivalence relation.

– Furthermore, for any two sets A and B of state sequences, we write A ⇢
⇠

B if for any element
⇢⇢⇢ ' A there exists an element ��� ' B such that ⇢⇢⇢ 2 ��� .

• Set of almost-i.i.d. state sequences: For a (single-copy) state ⇢, we (informally) define a set of
almost-i.i.d. state sequences in ⇢ with subpolynomial number of defects as

A(⇢) :=
n
⇢⇢⇢
��� �L 8 0, ↵ ' [0, 1) dn ' N : ⇢(n) is an almost-i.i.d. state in ⇢ with eLn↵

! defects.
�

For instance, the operational rate from ?? can now be written with the above notation as

Rtom
F (⇢ k ⌧) = sup

n
r
�� � PPP

(r)
' F : PPP

(r)oOP(tom(·); ⇢)
�
✓ OP(tom(·);⌧)

�
. (2)

Main results. The first main result shows that, by tracing away a sublinear amount of copies, a
permutation invariant state sequence from the operational set is asymptotically equal to an almost-
i.i.d. state with a subpolynomial number of defects.

Theorem 2.1 (Characterising the operational set). Let tom(·) be any sensible tomography
protocol. Let ⇢⇢⇢ ' OP(tom(·); ⇢) and assume ⇢⇢⇢ to be permutation invariant. Then, for any
 ' (0, 1), we find

trtrtr
o
⇢⇢⇢
�
2 ��� ' A(⇢) . (3)

The second main result follows as a consequence of the previous theorem. Under certain (standard)
assumptions on the set of free operations F , we can show that the operational rate can be expressed
in terms of almost-i.i.d. state sequences.

Corollary 2.2 (Characterising the operational transformation rate). For a given sensible to-
mography protocol tom(·), set of (free) operations F , and any two density operators ⇢ and ⌧,
we find

Rtom
F (⇢ k ⌧) = sup

n
r
�� � PPP

(r)
' F : PPP

(r)o
A(⇢)

�
⇢
⇠

A(⌧)
�

=: R̃F (⇢ k ⌧) . (4)

In particular, ?? shows that the operational transformation rate is independent of the actual choice
of the tomography protocol tom(·). In addition, it can be shown that

R̃F (⇢ k ⌧) 8 R̃F (⇢ k �)R̃F (� k ⌧) (5)

for any density operators ⇢, ⌧, and � . Hence, it follows from ?? that the operational transformation
rate satisfies the necessary transitivity property for a reasonable transformation rate. Furthermore, ??
substantially simplifies the analysis of the operational transformation rate and allows us to compare
it to other asymptotic transformation rates that are widely studied in the literature [?]. For instance,
note that standard asymptotic transformation rates (such as entanglement cost or distillation) may be
expressed in our notation as

RF (⇢ k ⌧) = sup
n
r
�� � PPP

(r)
' F : PPP

(r)o⇢⇢⇢iid
�
2 ⌧⌧⌧iid

�
, (6)

where we have defined the i.i.d. state sequences ⇢⇢⇢iid :=
o
⇢⌦n

�
n2N and ⌧⌧⌧iid :=

o
⌧⌦n

�
n2N .

3

de Finetti-type theorem

ρ⊗nρ(n) =ρ ρ ρ ρ

Operational state transformation rates

(arXiv: 2603.15792)
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