Efficient Quantum Measurements:
Computational Max- and Measured
Renyi Divergences and Applications

Quantum Resource Theories 2026 - Tokyo

Alvaro Yanguez, Thomas A. Hahn, Jan Kochanowski*

*Institut Polytechnique de Paris; Inria

arXiv:2509.21308



Q. divergences are central to quantum info. theory

e .divergence"” = standard ,distance’ measures in QI

_ S | n )(pllo)

Introduction o Satisfy: Data-processing, positivity,...

- D
Efficiency  Resource theories @& @©
—— * Quantifying amounts, distillation rates _ Entanglement disilaton
i  Hypothesis testing ~ ™

ummary
e Steins Lemma: Optimal decay of type Il error '@? e, @
\_ Hypothesis testing /

 Channel Coding and Cryptography

e Security, Randomness, Channel capacities,
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* Q. Thermodynamics  Cooting Quantum syster
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Real experiments are complexity constrained

* Practical constraints:
 Polynomial gate complexity and fixed gate set

e Number of ancillary qubits & U‘,
Lo
R gy — |

e Classical pre- & post-processing

— State and measurement preparation

— Resource manipulation L.—-—j’”-i—j o
ok o> —J—— —| A=
« Example: binary hypothesis testing " o5 40 A=
o HO:IO®HVS.H1:0®” k,;(r ~

o OptimalM = {E,| —E}: E = [p®" — 0®”]+ (i.g. not efficient to implement)
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Q. Divergences are not complexity constrained

* Operational importance of divergences neglects practical feasibility

 How to define useful complexity constrained divergences?

o Strategy:

Efficient Effect
Operators E4/

Efficient binary Efficient measure-
POVMs M/ ment maps A ,,

Efficient ef]f:ect Computational | « — oo | Measured Rényi
cones G, Max divergence divergences

Computational Applications:
Min-Entropies Computational Resource measures

(upcoming work) Computational one sided Stein’s lemma




Efficient quantum measurements

 Require divergencies that capture practical complexity constraints

Introduction ° Binary POVM M — {ElaEz — |] T El}a

icienc ® R— * ] ] i 2
Fircy E; = A (|i)i]) for CPU map /7, : B(C*) = B(#,), dual of
| N\ /.
Applications '%M . p —> Zi=0 TF[Elp] ‘ l><l ‘
Summary o Def: [Efficient measurements, informally]: Fix gate set & and polynomial p

. Efficient family of POVMs {M,, }, - if gate complexity C(/,, ) < p(n).
EY c {E € Pos(#®") |0 < E <1}

o Efficient family of

effect operators {E¥} _;:
. s.t. Eorl — E can be implemented

using at most p(n) gates from &.
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Efficient quantum measurements

* Fix gate set & and polynomial p
» Efficient family of POVMs (M, }, _y if gate complexity C( Mn) < p(n).

« Efficient family of effect operators {E} _.;

Introduction

Efficiency
Effect Ops

EY c {E € Pos(#®") |0 < E <1}

. s.t. Eorl — E can be implemented

Applications

Summary -~ using at most p(n) gates from &.

(w5 = cone(E = | conv(ES)
A>0
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A simple computational trace distance

T * Trace distance as optimal one-shot distinguishability

Efficiency  Given poly-generated set of efficient effect operators {E{flff Y nens
frace-dlst (or equivalently efficient binary POVMs {M%} _.) define
Applications
Summar A 1 1
ummary A(p,o0) == —=|lp — ol pery = = max || M,,(p) — M 0)];.
2 4 2 MeM¥
ZmaXEEEfoTr [E (,0 T 0)] ’
1 2
=5 ) M u=Empemy 2z | TEP = | =2
Max g A [(p) — M, [(0)]; p o .z@j}
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Computational Max-divergence

» Max-divergence [Datta’09]: D_..(pllo) :=logint{1 € R|p < 1o}
Introduction  Naturally defined via cones:
Fficenoy pLcsloSlo—pEBC*SVEEE: TEUc—p)]>0
Applications e E.g. POS, PPT, SEP, LO [RKW’11, RSB’24, J'12, GC’'24]

Summary Def: Computational Max-divergence
¢ Tr[vp]

Tr[vo]

Dpax(pllo) :=logint{l € R|p < Ao} =1og sup
’ vecgfeff

e Upcoming work:

e Naturally give rise to meaningful computational min entropies c.f.
[AA'66,AHRH’25, KRS'09]

puasizie  Maximal separation between computational and informational min-entropy 8
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Computational measured Réenyi-divergences

(o@D mo.

I  Sandwiched Reényi divergences: D (p||o) := - - 1 log Halgcapal;a\\a
Fficiency —log F(pl|o) D(p||o) = Trip(log p —log o)) D_..(pllo)
Applications a ( 1/2 1 00
Summary e [ Def: Compgtfaftional (measured) Renyi-divergences

c M;,

Dy (pllo) := sup D (My[(p)||H,/(0))
MeM4

e Comp. Rel Entropy: f)msz c MY

(pllo) :=lim,_,; Dy (pllo)

(:Mf,ff
| Theorem 4.12: Comp. Max-divergence: lim D,

a— 00

(116) = Dnax(pl|0)
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Properties of Comp. Renyi divergences

\Y

n

(pllo))

c MY/ C C
DO( (pHG) .= SupMEszf Da(%M(p)H%M(G))a F(p9 6) — eXp(_D

1
2

* Non-negativity, Joint (quasi)-convexity,

c M/ c M/

e Monotonicity in a: D, (pllo) < Ds (pllo) fora < f,

c szf c szf

e Data-processing inequality: D, (A(p)||A(6)) < D, (p|lo) for A*(E¥) c EY.

Lemma 4.11: Computational Pinsker’s Inequality

c M min{1,a) ¢
D, (pllo) = 2——=—A(p, 0)*

Lemma 4.22: Computational Fuchs-van de Graaf

| =\ F(p.0) < Mp.o) <1/ 1 = F(p. o)

10



Utility of these complexity restricted divergences

Introduction * Pseudo-entangled states provide an explicit separation
(assuming existence of EFI| pairs [GE’24])

Efficiency 3 {W;?B}nEN’ {¢;?B}n€N St ”l/jr?B T ¢;14BH 1 = 19
Applications but A(p??, p2F) < negl(n).
Summary

o Efficient binary hypothesis testing

e One-sided computational quantum Stein’s lemma

e Resource theories

 Entanglement cost and distillation

17.03.26 11
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Resource theories

» Resource theories: (#, {A})

Resource
Entanglement
Magic
Coherence

Resource measure:

Free states &

Separable
Stabilizer
Incoherent

R, (p)

Free operations A
LOCC maps

Clifford operations

Incoherent maps

inf D(p||o)

CEF

D(pllo) = Tr[p(log p — log o)]

Free operation

12



Introduction
Efficiency
Applications

Q. Resources

Summary

17.03.26
Jan KochanowskKi

Computational Resource theories

e (Computational entropy of resource:

c szf

Dy (p) = inf D (pllo)

cESF

e Given family of free states: {5’/7;

2
}nEN’ {gn}lflEN

* Family of free efficient operations: " Resource

o State condition: A(PZ}) C F ;%

» Test stability: A*(E<) c E&!

Entanglement
Magic
Coherence

Free states
Seperable
Stabilizer
Incoherent

Free efficient
operation

Free efficient operations /\
Efficient LOCC maps
Efficient Clifford operations
Efficient Incoherent maps

13
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Computational Resource theories

* | Computational entropy of resource: _—
C Vi,
Dg(p):= inf D (pllo)

occF

n

* Properties:

o Faithfulness: Dy (p) =0 <= p e F , Free efficient
o i operation
o Monotonicity: Dg,%(/\n(p)) < D%(p), for free efficient operations A,

| Theorem 5.7: Asymptotic continuity bound: Let g(p, o) < €, then ,
C C €
| Dz (p) — Dz (0)| < (1 +€)h( ) +€(1<+10g—)

1 + ¢ €

..(6), for a free full rank state ¢*.
See also [BLT'25, Corollary 14].

 Computationally indistinguishable states have the same computational
accessible resource amount!

c k=—1logA

14
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Computational Entanglement theory

e (Computational entropy of entanglement:
c szf

Er(p):= mt D (pllo)
ocESEP,

C
» For Bell states Ex(®%®") = n (holds under weak assumptions)

C C
 Ep, Ec are computational one-shot distillable entanglement and entanglement
cost from [ABV’23, Computational Entanglement Theory]

o (Lemma 5.15: For g(5,n) = 6(5(n — log 8))

Ep(py) < Er(ply) + g(/e(n). n)
EC(IOXB) > ER(,OXB) o g(\/e(n), n)

15



Summary

Introduction  Computational Max-divergence

Efficiency e QOperational Comp Min-Entropy and adversarial guessing OE MIi-E
_ ... pEmk) 5&m(k)
Applications  Computational Measured Renyi-divergences

Summary ¢ Equallty fora — o Y

* One-sided computational Stein's Lemma (et
4

e Computational Resource theories
C?I)Eeff

E¢f
C5
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Efficient quantum Measurements

e Def: Efficient effect operators £

e Given finite Gate-set &, polynomial p

.. . st Eorl—Ecanbe implemented

/j—-—‘ —J— lj""—“
N '
EszC{EE POS(%®”)‘OSES|]} H  n /S | —]

. — 1| ..
using at most p(n) gates from &. | ,
ok [O7’—]\-J : E
)8 &_ 3 l
| 0> —J) i
e Assumptions: _ /
 Complementarity: E € E¥ — 1-E € E¥ L
. Composition: E, e EJ/,E, € E) = E,®E,€EY,

e Information completness: span(E</) = B(#®")

fo.d

20



The convex set of efficient effects Is approx
efficient

» Poly-generated set of effect operators {E%/)

neN

e (Its convex hull Is

EY := conv(E¥) = { Z/IiEi\n eN, 1 >0, Z A=1,E€ E;ff}
=1 =1

* (Proposition 3.10: (Approximability of convex closure)
For any effect operator E € E¥, there exists a subset of

k =5e"*(nIndim# + 1) effect operators E; € EY s.t.

1 k
E—;EE.Z,

17.03.26
Jan KochanowskKi



Introduction
Efficiency
Applications

Discrimination

Summary

17.03.26
Jan KochanowskKi

Operational significance in hypothesis testing

®°®

e Task: State discrimination (hypothesis testing)

e Binary measurement M = (£, — E)
» Type-l-error: a (M) = Tr[p®"(1 — E )]
o Type-ll-error: (M) = Tr[¢®"E ]

 Asymmetric optimal type-ll-error:

. /(M) := min {f,(M)|a,(M) < €]}
MeM

e Steins Exponent:

cE(p,o;M) :=1lim__,lim sup, _, _71 log f, (M)

22



Operational significance in hypothesis testing

| ® ?
Introduction * Task: Computationally constrained state discrimination
-- k) vs. 6% using M = (E |- E,,. ;) € MY
Efficiency e Oy O, g k-m(k) k-m(k) k-m(k)
Applications * Computational Steins Exponent: @

Discrimination

Ep), (o) MY 1) := lim lim sup log (M ) o ”
@E O

k-m(k) k-m(k)

=0 (o0 m(k)

e | Theorem 5.2: One-Sided Computatlonal Steins Lemma
E(pd o IMT ) < D*5({p). (o))

Mkf];n(k)

¢ : 1 Compare
D%({py), L)) 1= lim sup_ o oD (@ oY) MRR25
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