Three anagrams of mutual:
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Entanglement manipulation

From quantity to quality

p®n entanglement distillation R A(n) (ID ®n> ~ (I)®m | o > .: 10)O) + | 1) 1)
AB non-entangling operations AB En + T/ \/5
quantity  distillable entanglement ~ E4(p4p) = lim {% g, >0} Stein(pz||SEP4.5)
two
opposite
regimes
quality error exponent of £ ~ e~ Eaer L1 W m > 1 Stein(SEPA.BH pAB)

entanglement distillation

F. G. S. L. Brandao and M. B. Plenio. A reversible theory of entanglement and its relation to the second law. Comm. Math. Phys., 295(3):820-851 (2010)
L. Lami, M. Berta and B. Regula. Asymptotic quantification of entanglement with a single copy. Nat. Phys. (2026)



hypothesis testing

— Ludovico’s and Kun'’s talks this morning

Mutual information

O ﬁ - e_nD(PXY”PXPY) — e—nI(X:Y)

< Stein’s lemma
|



Mutual information
/ \ classical

communication

(X :Y) := D(Pyy||[PyPy)
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of information
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[Shannon, 1948]



How to reverse the mutual information?

MUTUAL I[(X :Y) := D(Pyyl||PxPy) = min D(Pyy||PyQy) = min min D(Pyy|| OxQOy)

S Oy Or Oy

LAUTUM  L(X : Y) := D(PyPy||Pxy)

UMLAUT UX;Y) := néin D(PxQy|[Pxy)

TUMULA T(X : Y) := min min D(QxQy||Pxy)
Oy Oy

Pc(MUTUAL) D {F4E+eM, FedvttA, [Sefmtt |

D. P. Palomar and S. Verdu. Lautum information, IEEE Trans. Inf. Th. 54.3 (2008), pp. 964—975.



Asymmetric hypothesis testing

L(X : Y) 1= D(PyPy||Pxy) \ <0 p

UX;Y) := rréin D(P5Qy|| Pyy) H, Py / a<e

IX:Y):= néin néin D(QOxOy || Pyy) @ : : @




Asymmetric hypothesis testing

L(X : Y) := D(PyPy||Pyy) \ < 0 ﬁN o —LX:Y)

l «a
UX;Y) := rréin D(P5Qy|| Pyy) H, Py / a<e

T(X:Y):= néixnnéiynD(QXQY”PXY) @ @ @
L(X : Y) = Stein(Py Py|| Pyy) —




Asymmetric hypothesis testing

Fp) = {P{"Qyr : Oy € (Y}
H @
o nUX;Y)
L(X : Y) := D(PxPy||Pyy) O ’B e

UX;Y) = rréin D(PxQy||Pxy) H, P)g/l

(X : Y) := min min D(QxQy|| Pxy)
Ox Oy




Asymmetric hypothesis testing

F = {QXnQYn : QXn S sym(‘% "), QY” S ‘@Sym(?n)}
H
o p—NIT(X:Y)
L(X : Y) := D(PyPy||Pyy) \ . 0 fre
r, =X
/ 1 a
H, Py =

UX;Y) := rréin D(P5Qvy|| Pyy)

(X :Y):=minminD P
( ) Hg(n Hgyn (OxOyllPxy)

I(X:Y)= Stein(f’ZHPXY)



Reliability function

Trading quantity for qualit
g q Y q Y E(r, W) reliability function

quality
of transmission
n
A
W sz
— > -
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iabilit ti L :
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< achievable rates >




Reliability function

Trading quantity for qualit
g q Y q Y E(r, W) reliability function

quality
n of transmission Esp(r, %) sphere packing bound
Esp(0+, W) E(r,7') random codingbound
) 2%

3

= 1% 11%
W e

M = onr Perr,n — 2—nE(r,W)+0(1)

|

r < C(#') achievable rate

3

r
>
reliability function . :
Y E(r,7) :=liminf — —log inf P Verit quantity
(or error exponent) err,n : :
n— 00 n (8,2) of information

< achievable rates >

C. Shannon, R. Gallager, and E. Berlekamp, Information and Control (1967)

R. M. Fano, Transmission of Information: A Statistical Theory of Communication, Wiley, (1961)
R. G. Gallager, IEEE Trans. Inform. Th. (1965)



Umlaut information

for a classical channel

E (07, 77) = max min D(PyQy||PxW yx)| = max UX; Y) =: UW)
Py Oy Px A




Umlaut information

for a classical channel

U(7’) := max min D(PxQy|| %"y xPy) Properties

Py Oy * Alternative form

U) = —logmin Y exp ([EXNPX log 7/ (y |X)>
P
Y yey

E (0%, %) = UW)
* Additivity

U\ XW>) = U )+ U )

Py

1) i= max min min DO W yxPy) 10 X ) = T(W ) + TW )

L(W') := max D(PxPy||% yxPx) LW XW,) #L(H )+ LW ,)

D. P. Palomar and S. Verdu. Lautum information. IEEE Tr. Inf. Th. 54.3 (2008)



Umlaut information

List decoding

X Y
W,
ESp(O_I_a %) — U(%) A—>
w W,

lim E, (0%, %) = U')

pL) — ﬂj)(W ¢ {Wb L WL}) ~ o NELR T )+o(1)

CIT



Umlaut information

Non-signalling assisted communication

E 07 = U

lim E, (0", %) = UW')

L—>0

W) =UH)

* Polyanskiy, H. V. Poor, and S. Verdu, Channel coding rate in the finite blocklength regime,

IEEE Trans Inf. Theory 56, 2307 (2010).
* W. Matthews, A linear program for the finite block length converse of Polyanskiy—Poor-Verdii

via nonsignaling codes, IEEE Trans. Inf. Theory 58, 7036 (2012).



Umlaut information

U) = n})ax néin D(PxOy||# yxPx)

Theorem. U(7) = £ (07, 7)) = E™>(0F, 7)) = lim E (0%, %)

L.— 00




Umlaut information

What about the
tumula information?

What about
the quantum case?




Tumula information?
(W) = EXO*, W)

| Binary symmetric channel |
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Value (nats)

Tumula information?
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Quantum umlaut information

States and channels

U ; B)p :=min D(p, Q ogl||lpsz) quantum ul?ﬂaut information
Op of a bipartite quantum state

[/ (/V ) = sup UA’: B)(Id®/V)(‘P) quantum umlaut information
¥, of a quantum channel

super-additivity \\aﬂ“e\s U 1 ® M 2) = U(M 1) + U(AM 2)

UN QN5 > UNy) + UNS)

regularised channel umlaut information

U(A®?) > 2U(H) UR(N) := lim lU(/V@m)

n—-oo N




Non signalling assistance

and activation

N noiseless
activation classical channel
u of dimension NV
%% 1% l
N log M/N
PRLAPIN ey IUPSE I
n
M =2V \ /

NS ENSH0%, ) = US(A)

W. Matthews and S. Wehner, Finite blocklength converse bounds for quantum channels, IEEE Trans. Inf. Th. 60, 7317-7329 (2014)
X. Wang, K. Fang, and M. Tomamichel, On Converse Bounds for Classical Communication Over Quantum Channels, IEEE Trans. Inf. Th. 65, 4609 (2019)



Non signalling assistance

and activation

noiseless
classical channel

“ of dimension NV

|

~ logM/N

n

ENS’a(O+, ﬂ/) — UOO(/V)

W. Matthews and S. Wehner, Finite blocklength converse bounds for quantum channels, IEEE Trans. Inf. Th. 60, 7317-7329 (2014)
X. Wang, K. Fang, and M. Tomamichel, On Converse Bounds for Classical Communication Over Quantum Channels, IEEE Trans. Inf. Th. 65, 4609 (2019)



What about lists?

Theorem. E, (0%, /) < EMN>20T, 1) = US(N)

Main ingredient: collapse of communication complexity via PR-boxes
W. van Dam, Implausible consequences of superstrong nonlocality, Nat. Comput. (2013)



What about lists?

Theorem. E, (0%, /) < EMN>20T, 1) = US(N)

Classical case. U(%') = £ (07, 7)) = ENS(OY, %) = lim E, (0T, %)

L—> 00

channel coding

|

P (MUTUAL) 2 {LAUTUM, UMLAUT, TUMULA }
N ——— —————————————

asymmetric hypothesis testing



