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What is “hypothesis testing”?

Null hypothesis: H|, ~__

Samples

Decide

Black box

observed data

Alternative hypothesis: H,; /

A rigorous framework for deciding between competing explanations for observed data.
Cornerstone of statistics, information theory, signal processing, machine learning, and experimental physics...

Hy: Healthy

H,: Sick —

Negative

Decide

Positive

Primary objective: identify the best model, while minimizing the probabilities of errors (i.e., type-| and type-Il errors).



What is “quantum hypothesis testing”?

r—/— - a - ]
Null hypothesis: p Toster P h
Guess A/
O
Alternative hypothesis: o IM,I - M}

b -
M — — n — — ]
Tester | Tester ,,

Guess H _ Guess
{M [ — M} —P 0 | H o {M,I— M}
Type-lerror  a(p, M) :=Tr[p - M)] | Type-llerror  f(o, M) :=Tr [6M]
- — — — 4 L — — — 3

Primary objective: identify the best model, while minimizing the probabilities of errors (i.e., type-| and type-Il errors).
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What is “quantum hypothesis testing”?

—
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Tester Tester , 0
- Guess | Guess ,
1 o
{M,I—- M} | (M, I - M)
Type-I error a(p®", M) :=Tr [p®"(] — M) | Type-Il error B(c®", M ) :=Tr [(;®nMn]
— — — — —

—

—————— —

Primary objective: identify the best model, while minimizing the probabilities of errors (i.e., type-| and type-Il errors).
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Different operational regimes for error tradeoff

Identify the best model, while minimizing the probabilities of errors

Type-| error

- log (Type-Il error)
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Different operational regimes for error tradeoff

Identify the best model, while minimizing the probabilities of errors
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" = 10000

Type-| error

- log (Type-Il error)
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Different operational regimes for error tradeoff

Identify the best model, while minimizing the probabilities of errors

Type-| error

j | )
Stein exponent og (Type-Il error)



Different operational regimes for error tradeoff

Identify the best model, while minimizing the probabilities of errors

= Quantum
(1) Stein’s exponent _log min { B® M) : a(p®", M) < 8} ~ nD(p||6)  relative
[Hiai-Petz-91; Ogawa-Nagaoka-00] 0<M,<I entropy
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Type-| error

- log (Type-Il error)



Different operational regimes for error tradeoff

Identify the best model, while minimizing the probabilities of errors
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Fix —log 3, observe —loga, — ?

Type-| error

- log (Type-Il error)

9



Different operational regimes for error tradeoff

Identify the best model, while minimizing the probabilities of errors
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D

' (I1) Error exponent Quantum Hoeffding divergence

—log min {a(p®.M,): f(c®",M,) < 27"} ~ nH,/(p||o)
0<M <I

Type-| error

[Ogawa-Hayashi-02; Hayashi-06; Nagaoka-06;
Audenaert-Nussbaum-Szkola-Verstraete-07]

- log (Type-Il error)
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Type-| error

Different operational regimes for error tradeoff

Identify the best model, while minimizing the probabilities of errors
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Fix —log f,, observe —log(l —a,) — 7 :

‘
St
= A
. a

\"
) 4

- log (Type-Il error)
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Different operational regimes for error tradeoff

Identify the best model, while minimizing the probabilities of errors

lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
3

Type-| error

(1ll) Strong converse exponent
—log max {1 —a(p®",M,) : f(c®" M, < 27"} ~ nH*(p||0)
0<M, <I

Quantum Hoeffding anti-divergence
[Ogawa-Nagaoka-00; Mosonyi-Ogawa-15]

- log (Type-Il error)
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Type-| error

Different operational regimes for error tradeoff

Identify the best model, while minimizing the probabilities of errors
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D

(IV) Chernoff exponent log min (ma(p®", M)+ m,f(c®" Mn)> ~ nC(p||o) - log (Type-Il error)

[Audenaert et al.-07; Nussbaum-Szkota-09] 0<M,<I
Quantum Chernoff divergence 13



Type-| error

Different operational regimes for error tradeoff

Identify the best model, while minimizing the probabilities of errors

= Quantum
(1) Stein’s exponent _log min { B® M) : a(p®", M) < 8} ~ nD(p||6)  relative
[Hiai-Petz-91; Ogawa-Nagaoka-00] 0<M,<I entropy

lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
D

' (I1) Error exponent Quantum Hoeffding divergence

—log min {a(p®.M,): f(c®",M,) < 27"} ~ nH,/(p||o)
0<M, <I

[Ogawa-Hayashi-02; Hayashi-06; Nagaoka-06; (Ill) Strong converse exponent
Audenaert-Nussbaum-Szkola-Verstraete-07] :

—log max {1 —a(p®",M,) : f(c®" M, < 27"} ~ nH*(p||0)
0<M, <I

Quantum Hoeffding anti-divergence

/ [Ogawa-Nagaoka-00; Mosonyi-Ogawa-15]

(IV) Chernoff exponent log min (ma(p®", M)+ m,f(c®" Mn)) ~ nC(p||o) - log (Type-Il error)

[Audenaert et al.-07; Nussbaum-Szkota-09] 0<M, <I
Quantum Chernoff divergence 14



Different operational regimes for error tradeoff

Identify the best model, while minimizing the probabilities of errors

(I) Stein’s exponent Quantum relative entropy [Hiai-Petz-91; Ogawa-Nagaoka-00]

[Ogawa-Hayashi-02; Hayashi-06; Nagaoka-06;
Audenaert-Nussbaum-Szkola-Verstraete-07]

(1) Error exponent Quantum Hoeffding divergence

(I1l) Strong converse exponent Quantum Hoeffding anti-divergence  [Ogawa-Nagaoka-00; Mosonyi-Ogawa-15]

(IV) Chernoff exponent Quantum Chernoff divergence [Audenaert et al.-07; Nussbaum-Szkota-09]

A complete understanding of quantum hypothesis testing for I.i.d. sources
developed through a sequence of works across 20+ years
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What about “ ” sources?

While much of the existing literature has focused on i.i.d. sources,
practical scenarios often involve

 Composite hypotheses: states are not fully specified

+ [Brandao-Plenio-10]: p®" v.s. SEP;
{ [p®”d1/(p) lp € S} V.S. { J0®”dﬂ(0) lo € T};
» [Berta-Brandao-Hirche-21]:

» [Mosonyi-Szilagyi-Weiner-22]: {p®"|p € S} v.s. {6®"|c € T)

 Correlated hypotheses: states are correlated
 [Hiai-Mosonyi-Ogawa-07,08]: p, v.s. 0, correlated states on a spin chain

» [Mosonyi-Ogawa-15]: p, v.s. o,, correlated states on a spin chain
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What is “Composite Correlated” sources?

A tester draws samples from two sets of correlated quantum states,
and performs measurements to determine which set the sample belongs to.

Sample

Tester (I) Stein’s exponent ?

Guess

(1) Error exponent?

(Ill) Strong converse exponent?

Type-l error a(</,, M) := sup Ir [p,(I —M )] (IV) Chernoff exponent?

p.EA |
N—— > S
Type-" error 'B(‘%n’ Mn) .= SU.P Tr [UnMn] - V
6, ERB, _ -~
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What is “Composite Correlated” sources?

A tester draws samples from two sets of correlated quantum states,
and performs measurements to determine which set the sample belongs to.

Sample Tester (1) Stein’s exponent ?

(1) Error exponent?

(Ill) Strong converse exponent?

non-i.i.d. structure state-agnostic test

Minimax opt.: Max over states v.s. Min over test

(IV) Chernoff exponent?

Challenges

18



What is “Composite Correlated” sources?

A tester draws samples from two sets of correlated quantum states,
and performs measurements to determine which set the sample belongs to.

(I) Stein’s exponent (recent progress)

[Hayashi-Yamasaki-24] | p®" | B, | A1 A.3 A.5
[Lami-24] p® | B | A1 | A2 | A3 A5 | A6
[KF-Fawzi-Fawzi-24 ] A | B | A1 | A2 | A3 |A4

See more progress in Lami’s talk

n

(A.1) Each & is convex and compact;
(A.2) Each A, is permutation-invariant;
A3 A, & %5, C B, .., forallm,k € N;
(A.5) AB, contains a full-rank state

(A.6) Each A is closed under partial traces

(A.4) (AB,,): Q (%)) C (A1) forallm, k € N;

Extending the Stein exponent to more general setting and developing new applications across

e gquantum cryptography [K

e gquantum communication
e guantum resource theory

--Fawzi-Fawzi-24]
Cao-Yao-Berta-25]
KF-Fawzi-Fawzi-24]

19



What is “Composite Correlated” sources?

A tester draws samples from two sets of correlated quantum states,
and performs measurements to determine which set the sample belongs to.

(1) Stein’s exponent (recent progress)

This talk
(1) Error exponent (2508.12901)

(Ill) Strong converse exponent (2508.12901)

(IV) Chernoff exponent (2508.12889 )

an almost complete picture

(A.1) Each & is convex and compact;

IS ommimvasiams

A3) A, & %5, C B, .., forallm,k € N;
e —

AorEach R oo . "y

IOV BVl R i B R TIE -)

Only two assumptions (A.1) and (A.3) are required !!!

20



(1) Error exponent (2508.12901)

Tester

: i l ‘
>

p®" or ¢®" M, I—-M ]}

a,,(p,lle,) = min {a(p,,M,) : f(c,,M,) <27}
0<M,<I

o
lim ——loga, (p®",6®") = H (pllo)

n—oo n

Quantum Hoeffding divergence
\ 4
(r = Dpa(pllo))

Hr(pllg) .— Sup
ac(0,1) &

Petz Dy, (pllo) := log Tr [p%c' ]

a_

. Guess

Pneﬂnoranet%’n

Tester

o, (A, B,) = min {a(,,M,): f(B,,M,) < 27"}
| 0<M, <I

: |

1 .
lim ——loga, (A,,%,) = H(A|A5)

- n /

How to define H (|| A) ?

21



(1) Error exponent (2508.12901)
How to define H (|| AB) ?

DP’a(d A AB,) = inf Dp,a(ﬂn”%)

p,€HA,, 6,ER,

H (p llo,):= su nr— Dy (p,|lo)
Extension 1 l nrFnllOn ae(OI,)l) o ( pa(/all) I Extension 2

H (A, %,):= mt H (pllo,) 9, (|| B,) := sup : (nr — Dp (|| 5,))

p,EL,,06,ERB,

ac(0,1) & :
Are they equivalent?
. — su inf _ nr—D o
it sip e (=D llo) —=—= P, 0 o (= Drulpille))

Pu€L 0, €EB, qe(0,1) & minimax theorem

Convex in (p,, c,)

Replace u = (a — 1)/a, then concave in u
22



(1) Error exponent (2508.12901)
How to define H (|| AB) ?

Dpaa(ﬂnllggn) = inf Dp,a(ﬂn”%)
p,€HA,, 6,ER,

H (p llo,):= su nr— Dy (p,|lo)
Extension 1 l nrFnllOn ae(OI,)l) o ( pa(/all) I Extension 2

04
9, (A, |B,) = sup (nr = Dyp o(,1| B,))

ac(0,1) & :

Hn,r(ﬂnu <%n) .= lnf Hn,r(p n”dn)

p,EL,,06,ERB,

23



(1) Error exponent (2508.12901)
How to define H (|| AB) ?

H (p llo,):= su nr— Dy (p,|lo)
Extension 1 ! nrFnllOn ae(OI,)l) o ( pa(/all) I Extension 2

H (A £.):= inf H C) & - _ _
Al B L 1 Pnl100) ey 9, (A || B,) = sUD - (nr — Dp (|| B,))
ae(0,1)
1 o0 B (09)
H®(A||B) := lim —H, (A, ||B,) (|| RB) := sup (r—Dp,a(&fH%))
n—oo N ’ ae(0,1) e

Are they equivalent?

, a—1 1 Coa—1 1
inf  sup ( — —Dp,a@zfnu%n)) > sup inf ( — —Dp,auzfnu@n))
nzl ge,1) O n ac0,1) =zl & n

Challenge for equality: both sets are non-compact
Discontinuity example for regularized Petz divergence 24

minimax inequality



(1) Error exponent (2508.12901)
How to define H (|| AB) ?

H, (p,llc,) =
Extension 1 ! n.rPnllOn

p,EHA,,06,ERB,

n—-oo N

1
H®(A||B) = lim —H, (|| B,)

Error exponent

sup
ae(0,1)

DA A ,||58),) :

(A AB) -

1
lim — — lOg an,r(‘Q[nH *%n)

n—oo

n

sup
ae(0,1)

sup
ac(0,1)

Which one characterizes the error exponent?

04

a—1

04

nr— D o
a ( Pal/ll ")) I Extension 2

(I/lI" o DP,a(‘Q[nH %n))

(r- DLl 1))

25



(1) Error exponent (2508.12901)

1
Error exponent lim — —loga, (¥ ,||£8,) = H*(A||AB)

11— 00 n

Proof of the lower bound: T[VEW!I=2] > TW{W < V} + TtV{W > V} [Audenaert et al.-07 ]

Proof of the upper bound:

. 1 , 1
lim ——loga, (,[|%,) < Iim loga,,, (A .10 Bi) Property of lower limit
n— 00 n n— 00 mn
, 1
Minimax theorem = lim log sup amn,r(pmn’ O
n—00 mn Pmn € tQ[mn
. 1 Xn _QRn
Stability assumption < lim log A, ,,(pm , 0, )
n— 00 mn ’
|
Hoeffding for i.i.d. states =—H, (p,lo,) =—=—gp —H (A |RB,) ==
m 9 m 9

o show the upper limit for the upper bound, we can construct sequence from a subsequence
This requires Nussbaum-Szkota distributions and the Gartner-Ellis theorem; refer to the full paper

H>(A || AB)

20



(Ill) Strong converse exponent (2508.12901)

Tester

‘ )

p®" or o®" M, [ —M,}

a,(pulle,) = min {a(p,.M,) : f(c,,M,) <27}

0<M,<I
A

1
lim — — log(f_—an’,,(p@”, c®) = H*(p||o)

n— oo n

Quantum Hoeffding anti-divergence

+
a —
H(pllo) == sup (r = Ds ,(pll0))
a>1 a
1 l-a 1-a]®
Sandwiched Ds ,(pllo) := — log Tr [a @ PO 2a ]

Tester

] Guess

p, €A, oroc, €A,

a, (A ||9,):= min {a(A, M)A, M)<27"}
’ 0<M <I

F- 3

] ?
lim — —log(1—a, (<, B,)) = H (|| %)

n— o0 n /

How to define H*(||98) ?

27



(Ill) Strong converse exponent (2508.12901)
How to define H* (|| %) ?

Ds,a(szinll(%’n) = inf DS,a(anGn)

p, €A ,, 6,ER,

H* o,) ;= Su nr— D¢ (p. |lo,)
Extension 1 ! APallon) a>11) o ( s.alPallon) I Extension 2

Hy (| B,) = sup  H(p,llo,) (A, ||B,) = sup—— (nr — Ds (<1, 5B,))

p, €A, ,0,ERB, a>1 &

Are they equivalent?

a—1 sup sup (nr — D¢ (p,||lo ))
SUp SUp (”” — Ds,a(PnHUn)) — o S,axFnll™n
ped ceB, a>1 & >l puedty, 0,58,

NOo minimax issue here

28



(Ill) Strong converse exponent (2508.12901)
How to define H* (|| %) ?

Ds,a(,ﬁzinll(%’n) = inf DS,a(anGn)
p, €A ,, 6,ER,

o
H* (p |lo,) := su nr— D¢ (p,|lo,)
Extension 1 ! nrFnllOn a>11) o ( s.alPallon) I Extension 2

Hy(A|l $,) = sup  Hy(p,ll0,) gl 9 (o || B,) = sup u

pne‘Qin’ O-ne‘@n a>1 a

(nr = Dy o(,1| B,))

29



(Ill) Strong converse exponent (2508.12901)
How to define H* (|| %) ?

Ds,a(szinll(%’n) = inf DS,a(anGn)

p, €A ,, 6,ER,

H* (p |lo,) := su nr— D¢ (p,|lo,)
Extension 1 ! nrFnllOn a>11) o ( s.alPallon) I Extension 2

Hi (AN B,) =  sup  HE(p,ll0,) gty ©% (o ||B,) := sup— (nr — Dg (4,1 8,))
p, €A, ,0,ER, ) ’ a>1 @ ’ — N
o0 _ _
A NE) = I Al 5, (|1%) := sup=—— (r ~ DS,/ |B)
e a>1 @ ,

Are they equivalent?

. a— 1 1 .oa—1 1
lim sup r— =Dy (1,1, sup lim = —Ds (1B,
néoo a>1 O n a>1 n&oo 01 n
Sup S SUp e
. Superadditivity in 7 . Superadditivity in 7 a0



(Ill) Strong converse exponent (2508.12901)
How to define H* (|| %) ?

Ds,a(szinll(%’n) = inf DS,a(anGn)

p, €A ,, 6,ER,

H* (p,||o,) := su nr— D¢ (p,|lo,)
Extension 1 ! APl a>11) o ( s.alPallon) I Extension 2

Hi (AN B,) =  sup  HE(p,ll0,) gty ©% (o ||B,) := sup— (nr — Dg (4,1 8,))
p, €A, ,0,ER, ) ’ a>1 @ ’ — N
o0 _ _
A NE) = I Al 5, (|1%) := sup=—— (r ~ DS,/ |B)
e a>1 @ ,

Are they equivalent?

. a—1 1 oa—1 1
lim sup r——Dg (A, ||HB,) ] =——= sup lim r——Dgq (A, ||F,)
néoo a>1 O n a>1 n&oo Q n
Sup . SUup e
. Superadditivity in 7 . Superadditivity in 7 31



(Ill) Strong converse exponent (2508.12901)
How to define H* (|| %) ?

Ds,a(szfnlle%’n) = inf DS,a(anGn)

p, €A ,, 6,ER,

H* (p,|lo,) := su nr— D¢ (p,|lo,)
Extension 1 ! nrFnllOn a>11) o ( s.alPallon) l Extension 2

Hy (|l %,) = sup  H;(p,l|0,) gty $% (L, B,) := sup . (nr — Dg (A ,||%B,))

an‘an’ O-ne‘@n a>1 a

* g
H, 5 (1| B) 2= lim SHE (A, | B,) 9, (A|1%) := sup—— (r = DE(|B))

n e /.
=0 a>1 a

|
I
1
* Strong converse exponent  lim — —log(l — a, (¥, ||%,))

n— 00 14}

The dashed arrow indicates partial progress when &, is a singleton and additional assumptions. 30



Refinement of the Stein exponent regime

Error .. 1 .
exponent h,?_l)glf_ ; log a, (A N8, = H7°(H || 9B)
Strong 1 *
converse lim inf — — log(1 — O‘n,r(ﬂn”%n)) > 659 || B)
exponent i=es n

DX (AN RB) := sup

ac(0,1) &

(r= Dt 18))

% a — 1
9, (A AB) = sup

a>1 a

(r= Dt 1))

33



Refinement of the Stein exponent regime

Error .. 1 .
exponent h,?_l)glf_ " loga, (A,||9B,) 2 97 (|| 5)
Strong 1 *
converse lim inf — — log(1 — O‘n,r(ﬂn”%n)) > (|| B)
exponent i=es n

HX(L|RB) .= sup

ac(0,1) @

(r _ Dﬁfa(ﬂlln@)) Using the same assumptions in [KF-Fawzi-Fawzi-24]

a—1

sup DS (||B) = D*(A||B) = inf DS (A || B)

9t |1B) 1= sup—— (r = DG, (A1) ) o ol

a>1 a

34



Refinement of the Stein exponent regime

Error o 1 . -
exponent lim inf — —log a, (| B,) 2 H(AB) >0, V0 <r < DL|ZB)
Strong 1 )
converse lim inf — —log(1 — a, (Z ||AB,)) = H,(L||B) >0, Vr>DAL|RB)
exponent =68 n

HO(A|| %) ;= sup _ (r - D (A gg)) Using the same assumptions in [KF-Fawzi-Fawzi-24]

ac(0,1) @

sup DS (||B) = D*(A||B) = inf DS (A || B)

*, 00 . a oo
$;>(l|B) := sup—— (r = DL |B) o ol

a>1 a

If the type-Il error exponent is a bit off the Stein’s exponent D (< || 98)
then the type-I error will exponentially decays to zero or one. So D (A ||98) is a sharp threshold.
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Refinement of the Stein exponent regime

Error o 1 . -
exponent lim inf — —log a, (| B,) 2 H(AB) >0, V0 <r < DL|ZB)
Strong 1 )
converse lim inf — —log(1 — a, (Z ||AB,)) = H,(L||B) >0, Vr>DAL|RB)
exponent =68 n

HO(A|| %) ;= sup _ (r - D (A @)> Using the same assumptions in [KF-Fawzi-Fawzi-24]

ac(0,1) @

a—1

sup DS (||B) = D*(A||B) = inf DS (A || B)

9t |1B) 1= sup—— (r = DG, (A1) ) o ol

a>1 a

Q: Recovering the Stein’s setting considered in [Brandao-Plenio-10, Hayashi-Yamasaki-24; Lami-24]?

A: We need sup Dp (|| B) = D>(H||9B) with the corresponding assumptions.
ac(0,1)

36



Examples for discontinuity of regularized divergence

3.5 1

3.0 -

2.5 -

2.0

1.5 1

- n=10 III:
1
/7
- il - n= |
o0 L
D ,':
] i
- - — '
n=infinity '
I
V4
7
e
7’
" o
,,,,,,
........
---------
__________
I e
—————
——————————
.- ___________________________
——————————
----------------------------------------------
At - e S
______ N ° ¢ ¢ ® ® ® O
1 | |
0.0 0.2 0.4 0.6 0.8 10

alpha

convex compact and stable under tensor product

sup Dp (,[|%,) = DA ,||AB,) YneN
ac(0,1)

But  sup Dg’(A,[|%,) # D*(,|1%,)

ac(0,1)

Error tradeoff for composite correlated hypotheses is much
more complicated than the simple I.i.d. case.

Q: Recovering the Stein’s setting considered in [Brandao-Plenio-10, Hayashi-Yamasaki-24; Lami-24]?
A: We need sup Dp (|| B) = D>(H||9B) with the corresponding assumptions.

ac(0,1)
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(IV) Chernoff exponent (2508.12889)

~ Guess 4/
‘ = ‘ ¢ ‘ v'
p®" or ¢®" M, [ =M, } ' p, €, oroc, €AB,
e mm(pnlld ) = min (77() 05(,0”, Mn)"l'ﬂl ﬂ(gna Mn)) e mln(‘Q[ ” & ) = min (ﬂO a(‘Q[n’ Mn)_l_ﬂl ﬁ(‘%w Mn))
O<M </ O<M </
. T
lim — —log P, .in(p®",6%") = C(p||o) lim — —1log P, in(,, B,) = C(A||RB)
n— oo n n— 0o n 3
Quantum Chernoff divergence /
v
C(pllo) := max —log Q,(p|lo) How to define C(f|| ) ?

ael0,1]

a _l—a

Petz-quasi Q. (pllo) :=Tr [p %] ]

38



(IV) Chernoff exponent (2508.12889)
How to define C(A||A) ?

Q|| %B,) == sup

p,EA,, 6,ER,

C(p,llo,) := max —logQ,(p,llc,)
Extension 1 l Fnllon ac[0,1] S %aPnllOn l Extension 2

(| By = inf  Clploy 6, (<1, |B,) == max — log O (|,
p, €A, ,0,ERB, ’ a€[0,1]

e

Q.(p,llo,)

Are they equivalent?

inf max —log Q. (p,|lo,) — max inf  —log Q,(p,llc,)

— a€l0,1] p,ed,,0,ERB,
p.€A,,0,€%, a€l0,1] | minimax theorem

Concave in (p,,, 0,), convex in &
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(IV) Chernoff exponent (2508.12889)
How to define C(A||A) ?

Q|| B,) =

sup
p,EA,, 6,ER,

C(p,|lo,) := max —log QO (p.|lo,)
Extension 1 l Pullo, a€[0.1] &%a\Pnllon l Extension 2

C, | AB,) = inf  C(p,llo,) ey
p,EH,,0,ERB, a€l0,1]

- €, (A, %5, = max —logQ (4, |A,)

Q.(p,llo,)
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(IV) Chernoff exponent (2508.12889)
How to define C(A||A) ?

Q|| %B,) == sup

p,EA,, 6,ER,

C(p,llo,) := max —logQ,(p,llc,)
Extension 1 ! Fnllon ac[0,1] S %aPnllOn l Extension 2

Q.(p,llo,)

p,EA, ., 0,ERB, | ’ a€l0,1] -
| %0 00
C®(A||RB) := lim —C(L, || B,) Co(A||A) = max - log (4, ||,
n—-oo 1 a )

Are they equivalent?

1 1
inf max ——logQ (¥, |A4,) —— max inf ——1log Q (A ||AB,)

n>l a€l0,1] N minimax theorem acl0,1] n>21 N
| [Mosonyi-Hiai-11]

Upper semicontinuous in &, monotone decreasing in k, n = Dk
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(IV) Chernoff exponent (2508.12889)
How to define C(A||A) ?

Q|| B,) =

sup
p,EA,, 6,ER,

C(p,llo,) := max —logQ,(p,llc,)
Extension 1 l Fnllon ac[0,1] S %aPnllOn l Extension 2

C(d,|| B,):= inf  Clp,ll6,) g
PuEA 0, R, ac[0,1]

C®(HA||RB) := lim lC(,szinH%n) C*(H||A) := max —log Q. (,[%,)

n—oo N e a€l0,1]

- €, (A, %5, = max —logQ (4, |A,)

Q.(p,llo,)
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(IV) Chernoff exponent (2508.12889)
How to define C(A||A) ?

Q|| B,) =

sup

p,EA,, 6,ER,

C(p,llo,) := max —logQ,(p,llc,)
Extension 1 ! Fnllon ac[0,1] S %aPnllOn I Extension 2

C, | AB,) = int C(p,llo,) Gt C (A |A,) = max —logQ (L, |AB, )
p, €A, ,0,ERB, ‘ | ’ a€[0,1]
1 o0 o0
C®(A||B) = lim —C(,||B,) o T Co(A||5) = max - log O, (A, ||%8,)
n—oo N ac|y,
, 1
Chernoff exponent lim ——log P, ..n(¥,|[Z5,)

n— 00 n

Same result holds for multiple hypotheses.
This extends the result by [Li-16]. Refer to the full paper on arXiv: 2508.128809.

Q.(p,llo,)
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* (A.1) Each &, is convex and compact;

Summary A3) B, Q B, C RB, .., forallm, k €N;

Operational regimes

Information measure

(I) Stein’s exponent

(IV) Chernoff exponent

Quantum relative entropy

Quantum Chernoff divergence

IID Sources Composite Correlated
ii_p g1 ‘Hayashi-Yamasaki-24]
[O'a" et;' ] ) Lami-24]
[Ogawa-Nagaoka-00] KF-Fawzi-Fawzi-24]
‘Ogawa-Hayashi-02]

[Hayashi-06][Nagaoka-06] 2508.12901 (this talk)
Audenaert et al.-07]

[Olep b el et 2508.12901 (this talk)
[Mosonyi-Ogawa-15]

[Audenaert et al.-07]
[Nussbaum-Szkota-09]

2508.12889 (this talk)

An almost complete picture for composite correlated hypotheses

(Extremely general; recover the i.i.d. setting as a special case)

Missing part: (lll) achievable part of strong converse exponent for general set &/,

Applications: explore the black-box/adversarial/correlated settings for any tasks utilizing the quantum hypothesis testing
e.g. channel coding, channel discrimination, data compression, resource theory ...
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