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Quantum Resource Theories (QRTs)

Classical & Quantum Information Theories —

examples of theories of interconversions
among different resources

guantum or classical

____ static (i.e. states) or dynamic (i.e. channels)

Resources
™ nhoiseless or noisy
e.g. Transmission of classical information through a noisy quantum channel N amounts to:
lassical (asymptotic i.i.d. limit)
(quantum, encoding & decoding gc assical,
dynamic, S . ynamic, N
noisy resource) N idclassical noiseless resource) N 9

Optimal rate of
conversion

pé?r)%()as n — o0

7a(~/\/‘ — idclassicaul) — C(N) Classical

capacity




Asymptotic Reversibility of QRTs

A key focus of a QRT: to determine the optimal rate of conversion of one resource to another
under the action of free operations

quantum states : static QRTs
Note: manipulation of <
guantum channels : dynamic QRTs

free operations

€8 r=1r(p — ; n
o1 = p2) p?n/\ pgi) [rn] with pérr) —0as n— o0

(i) Is the QRT asymptotically reversible?  (i.e.ls r(p1 — p2) =r(p2 — p1)~"
Questions: ?)

(ii) Is there a unique resource quantifier for the QRT ?

What are the choices of free operations under which such a reversibility holds ?




Free Operations

e.g. In the entanglement theory of pure bipartite states:  free operations = LOCC

It is asymptotically reversible (distillable entanglement = entanglement cost)

More generally, for any QRT one considers

* Resource non-generating (RNG) operations:

restricted set of allowed operations that do not generate resources; free object + resource

e.g. In the entanglement theory of mixed bipartite states:  RNG = SEPP maps/non-entangling maps

But not asymptotically reversible under RNG operations [Lami, Regula]

A broader class of free operations:

 Asymptotically Resource non-generating (ARNG) operations




Asymptotically resource non-generating (ARNG) operations

Operations that can generate some limited amount of resource when acting on a free object

but the resource generated when actingon 7. copies of a free object — (0 as 71— 00

ARNG operations: sequence of operations that are resource non-generating only in the asymptotic limit

The measure according to which the generated resource is small: log robustness
. . . @- Sn
e.g. For a static QRT in which 5, : the set of free states Pn

Log robustness of Pn: log(1l + R(py))= Erax(prn) == min Dyax(pn||wn)

[D2009] W, € Sy

(related to the amount of another state that should be mixed with O, to make it a free state )




Asymptotic Reversibility of QRTs

Asymptotic reversibility has mostly been studied for static QRTs

Resource monotones : monotonically non-increasing under free operations

e.g. For a static QRT with (.5}, ),, : sequences of sets of free states

Relative entropy of resource: R(p) .= minaesl D(pHO')

[

p

Regularized relative entropy of resource: R>®(p) = lim,, %R(p@m)

D(p||S1)

Log robustness:  Fax(p) := mingeg, Dmax(p||0)

(s)




Theorem [Brandao & Gour 2015] : Asymptotic reversibility of static QRTs

If a static QRT has sequences of sets of free states (Sn)n » that satisfy a set of 5 axioms, then

the optimal asymptotic rate of conversion is given by

r(pr = p2) = ol el R(py) > 0,i=1,2,

R (p2)

* Such a QRT is asymptotically reversible :

(1)
r(p2 — p1) =r(p1 — p2) "

since

. R unique quantifier of resource for the QRT

Key ingredient: Generalized Quantum Stein’s Lemma (GQSL)

[Brandao, Plenio]
[Hayashi, Yamasaki]
[Lami]




Asymptotic Reversibility of Dynamic QRTs

Aim of this talk: Establish asymptotic reversibility of a QRT of classical-quantum channels

Note: a concurrent and independent work was done in

(1 Generalized Quantum Stein's Lemma for Classical-Quantum Dynamical Resources
Masahito Hayashi, Hayata Yamasaki; quant-ph arXiv:2509.07271

( talk of Hayata Yamasaki later today)



https://scirate.com/arxiv/2509.07271
https://scirate.com/search?q=au:Hayashi_M+in:quant-ph
https://scirate.com/search?q=au:Yamasaki_H+in:quant-ph

QRT of classical-quantum (c-g) channels

A c-q channel: X : afinite alphabet

E X — A
x — E(x) € D(A)

A : a quantum system with a finite-diml Hilbert space  H 4

D(A) =D(H ,) setof quantum states of A

We can assign a finite-dimensional Hilbert space to X

X < Hy :=span{|z) |z € X'} {‘513>}:1:€X . orthonormal basis of H x

Note: A c-q channel can be viewed as a fully quantum channel in which the input quantum states are

first subjected to a projective measurement in this basis {|$>}m€2€ g X = A

CQ(X — A) : setof c-q channels

VpeDX)=D(Hy), Ep) =D cx Irlp|r)z||ws € CQX — A) 1w, € D(A) Vo € X




c-g channels contd.

Let D(RX) : set of quantum states on Hr @ Hx, where R : areference system

R

<

(idr® &) (v) = E(v)

Note: the state © € D(RAX) can be entangled.

Distance between c-q channels: For &, F € CQ(X — A) :

|€ = Flloy = sup,eprx) [(idr ® £)(v) = (idr @ F) (V)]




QRT of classical-quantum (c-g) channels

* Free objects: Free c-q channels &, C CQ(X"™ — A™) : satisfying certain axioms

* Resources : c-g channels in CQ(X™ — A™) that ¢ Sy,

Fiax(En) = inf Dpax (Enl|Fn) = inf Sup Drax (En(vn)|| Fn(vn))

F., €S8, F, €8, vn€D(RX)
* Relative entropy of resource: VE, C CQIX™ — A™) . it :
( ) e :
. _ inf D ()| F én
R(E,) = D(E,|S,) = inf  sup  D(En(vn) | Fn(vn)) .
fnGSn VTI,ED(RXH) A

* Regularized relative entropy of resource: VE C CQ(X — A) :

R~ (5) = limn—mo %R(E@m) R(pn) = D(anSn)



QRT of classical-quantum (c-g) channels

~

Free operations: O = (@n)n sequences of superchannels that are ARNG

Superchannels: O, : CQAX™ - A™") — CQ(X™ — A™) :
VE, € CQA™ — A™),

On (&) := NPt o £, o NPT€

(@n)n is ARNG if for any sequence of free c-q channels (Fn - Sn)n;

hmn—>oo Dmax(@n(fn)|’8n) =0




QRT of classical-quantum (c-g) channels

Our Aim:

To find the optimal asymptotic conversion rate between two resources  £1,E2 € CQ(X — A),

under ARNG operations

~

i.e. the optimal 7 for which 94(0©,,),, € O s.t.

gigm —> G)n(51®'”') ~ 55@ d with vanishing error in the limit 77 — OO

over—ef], 0 = o

,




Main Result: Asymptotic Reversibility of the QRT of c-q channels

Theorem 1: [f the sequences of sets of free channels  (S,, C CQ(X"™ — A™)),, satisfy the axioms,

& the set of free operations are ARNG,

then for any two c-q channels, &1, £9 € CQ(X — A) with [°° (SZ) >0, i=1,2,

optimal asymptotic R (&1)
conversion rate T(El — 52) — R~ (&)
Hence the QRT is asymptotically reversible, i.e. 7“(51 — 52) = 7“(52 — 51)_1

& R°° (5) is the unique resource quantifier of the QRT




Main ingredient of the proof

® Generalized Quantum Stein’s Lemma (GQSL) for c-q channels [Hayashi, Yamasaki 2025]
[Bergh, D, Khaitan 2025]

e our proof of the GQSL for c-g channels
A crucial lemma which was pivotal in

* the proof of asymptotic reversibility (Theorem 1)

@ Lemma [Exchange lemma]: Let S, 7 € CPTP(A — B) be 2 closed, convex sets of channels,

then inf sup D(EW)|F(v)) = sup inf DEW)|F(v))
EES v eD(RX) veD(RX) EES [Gour, Winter 2019]
FeT FeT [Bergh, D, Salzmann 2024]




Generalized Quantum Stein’s Lemma (GQSL) for c-q channels

gen H @y Null Hypothesis

N,

unknown c-q channel (satisfies a certain set of axioms)

“N\
F, 6(59) H1 Alternative Hypothesis (composite)

R (reference systen]')

| % Accept Hy E®"
VRxn = Unp i /7(
(possibly entangled) X Nn : (]ln k Accept Hl Fn ~ Sn

extra optimization
over input states! (idg @ Np)(vn)

[since, in general, the discrimination can be improved by using such entangled states.]



Generalized Quantum Stein’s Lemma (GQSL) for c-q channels

Quantity of interest:

vee(0.1), |B=(E®™,S,) := optimal P(H:|H,) such that P(Ho|H:) <e
(type-Il error prob.) (type-I error prob.)

[Hayashi, Yamasaki] [Bergh, D, Khaitan]

Theorem [GQSL for CQ channels] : If the sequences of sets of c-q channels (Sn)n

satisfy the axioms, then:

lim —= log B:(69",8y) = lim — D(E®™|S,,)
n — o0 n — 00

D(E®™S,) == sup - inf D(EZ"|Sy)

v, € D(RX™) F, €S,




Generalized Quantum Stein’s Lemma (GQSL) for c-q channels

Quantity of interest:

vee(0.1), |B=(E®™,S,) := optimal P(H:|H,) such that P(Ho|H:) <e
(type-Il error prob.) (type-I error prob.)

[Hayashi, Yamasaki] [Bergh, D, Khaitan]

Theorem [GQSL for CQ channels] : If the sequences of sets of c-q channels (Sn)n

satisfy the axioms, then:

-
——— -—--
o - o
- -~

lim —= log B:(£%™,S,) =" lim %D(E@)”HSn)\‘)
n — oo oM — 00 P

~
=~ -
-~ ——
— N
— e = =

/68 (g@ma Sn) ~ 2—nA




How is the GQSL for c-q channels at all related to the asymptotic reversibility of our QRT?

Note:
The axioms for the composite hypothesis in the GQSL

must be the same as

The axioms for the set of free states in the QRT



Theorem 1: Let 51, Es € CQ(X — A) be two c-q channels, with /7°° (EZ) >0, i=1,2.

R~ (&
If the set of free channels satisfy the axioms, then T(gl — 52) = B Eg;g ........ (1)

R>®(&1) := limy, o0 %R(f?n) = lim;,y00 = inf sup  D(EP™ ()| Fnlvn)) ..(a)
Fn, €S, vy, € D(RX™)

Theorem (GQSL) : V¢ € (0,1),lim,, oo — = log 3. (7", S,) = lim + D(EX"|[Sy, ) M)
n — o0

RHS of (1) ,= lim,, %SupynED(RXn) infr, es, D(gigm(’/n)‘lfn(’/n))

[Exchange Lemma] . .
= limy, o0 7 inf 7, €5, SUD,, cp(ram) DEE™ (V)| Fn(vn)) ~(b)

— | R*™® (51) — RHS of the GQSL for c-q channels!




Examples of QRTs of c-q channels to which our result apply

Example 1: [free c-q channels:

those which yield separable output states]

Sn = {F € CQ(X™ — A"B"™) | F(|z)z|) € SEP(A" : B")Vz € X"}

Note: If |X| =1 then the above construction reduces to a static QRT : the QRT of entanglement

E(v
Reasons: (1) - £ (.) L E— E(v)
§|ngle unique channel state
Input output
(2) the reference system [Rdoes not play a role in this case R :
eg X = {0} = D(Hx) = {|0)0]} v 5 =
. . — ®n " I U ;
— anyinputis of the form |Vn = Vg @ |0)(0] : En(vn)
mn mn

D, Dax are faithful & additive under tensor products - thus we can ignore the reference system

— Example 1
(1] > 1)

extension of the QRT of entanglement to c-q channels

R




Examples of QRTs of c-q channels to which our result apply

Note: Further examples can be constructed from any resource theory for quantum states that
satisfy the original Brandao-Plenio axioms

This includes the resource theories of asymmetry, athermality, coherence, magic,....

—

Example 2: [free c-q channels = those yielding free states of other reversible static QRTs]

Let (Sn)n : sequences of sets of states that satisfy the Brandao-Plenio axioms

They hence define the free states of an asymptotically reversible static QRT

Then, S, = { F € CQA™ — A"B") | F(jz)a]) € S, Vo € X"}

serves as the set of free c-q channels for a reversible QRT of c-g channels




Examples of QRTs of c-q channels to which our result apply

Example 3 : [free c-q channels are all replacer channels] ‘ [QRT of capacity of a c-q channel]
Sni={F, € CQAX"™ - A") | do, € D(A") : Fr(|lxXx|) = 0,V € X"}

In this case, R>®(£) = R(E) = C(&) = capacity of &

Intuition: Every c-q channel with zero capacity is a replacer channel

. &, are exactly the free sets in the QRT of capacity for c-q channels

By our result : this QRT is asymptotically reversible under ARNG

This yields a Reverse Shannon Theorem for c-q channels

(Q) What does this mean and why is it true?




Reverse Shannon Theorem (for c-g channels)

; ;)& idy ’

(+ shared entanglement)

(+ local pre- and post-processing ) simulate the action of &

£ _{“M’\x

~—

The amount of classical communication needed

— (&)

[Bennett et al]
[Berta et al]

Note: In QRT of Example 3: free channels = replacer channels

Local pre- & post-processing (in presence of shared entanglement)

(since they leave replacer channels unaltered)

= RNG operations

(a) : id){ — & under free operations

- T(id){ — 8)

The rate of classical communication needed for Alice and Bob to simulate the action of £




Reverse Shannon Theorem (for c-g channels)

id
{%/M\\ f.cl‘o'. —_— e @%\
oY —) K j\ E %
(+ shared randomness)
(+ local pre- and post-processing ) simulate the action of &

whatis 7(idy — &)7 (in Example 3)

By our Theorem 1: 7“(51 — 52) — gzgg;g — gg;; ------ (1)  since  R>(&)=C(&)

By definition:  (C'(&£) = (& — idy)

Set &1 —idy, & =& in(1); 0(51) =1

— r(idy - &) =C(E)!




Summary

» Established a QRT for c-q channels & proved that it was asymptotically reversible

] [Hayashi, Yamasaki 2025]
* Main tool : GQSL for c-g channel [Bergh, D, Khaitan 2025]

* Examples of our QRT :

(1) those for which the outputs of the free channels are free states of an asymptotically reversible static Q

(2) QRT of entanglement = a special case of our QRT

(3) QRT of capacity of c-g channels - > Reverse Shannon Theorem of c-q channels

Main Open Question

Can one prove a GQSL for fully quantum channels?



Thank you for your attention!

Thanks to Anirudh & Bjarne

Thanks to Bartosz & Ryuji for organizing this excellent workshop!




The Axioms for Free c-q channels

Set of free c-gq channels:
(S, € CQ(X™ — A™)),, :sequences of sets of c-q channels, satisfying the following axioms:

@® S, isclosed and convex as a subset of CQ(X” — An)for each . € N

@ Sn is closed under permutations of the 77 inputs and outputs for each 7 & IN

VneN & VF, € Sn, for each permutation 77 € (5,, the permuted channel (- Fn)

w s (- Fp)(w) = Py (W)Tfn(PX (7)w Py (W)T)PA(W) is also an element of S,
@ (Sn)n is closed as a sequence under tensor products
Forany 11, 1L € N, if F, € S ,er < Sm’then Fon & Fm € Sn—l—m
® Thereexistsachannel J, € &7 such that the Choi state of J« has full rank.

This can be shown to be equivalent to the condition:

3c>0, st Dy (E|F) <e VE e CQIX — A






