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Quantum Information Decoupling

𝜔𝐶𝐴

Id

𝒰𝐴 𝒯𝐴→𝐶

𝐴

𝐸

𝜌𝐴𝐸 ⊗

𝜌𝐸

1

2
𝒯𝐴→𝐶 𝑈𝐴𝜌𝐴𝐸𝑈𝐴

† − 𝜔𝐶 ⊗ 𝜌𝐸
1

= 

≈𝜀

𝔼𝑈𝐴



Notation

 Quantum systems

Δ𝑈 ≔
1

2
𝒯𝐴→𝐶 𝜌𝐴𝐸

𝑈 − 𝜔𝐶 ⊗ 𝜌𝐸
1

=

𝐴 (with finite dimension 𝑑)

𝐴′ ≃ 𝐴

𝐶 (arbitrary)

𝐸 (arbitrary)

 Φ𝐴′𝐴 ≔
1

𝑑
σ𝑖,𝑗 𝑖 𝐴′ 𝑗 𝐴, the maximally entangled state between 𝐴 & 𝐴’ 

 𝜔𝐴′𝐶 ≔ id𝐴′ ⊗ 𝒯𝐴→𝐶 Φ𝐴′𝐴 Φ𝐴′𝐴  is the Choi state of channel 𝒯𝐴→𝐶

 𝜌𝐴𝐸
𝑈 ≔ 𝑈𝐴𝜌𝐴𝐸𝑈𝐴

†



Notation

Sandwiched Rényi divergence 𝐷𝛼
∗ 𝜌‖𝜎 ≔

1

𝛼−1
log Tr 𝜎

1−𝛼

2𝛼 𝜌𝜎
1−𝛼

2𝛼

𝛼

=
𝛼

𝛼−1
log 𝜎

1−𝛼

2𝛼 𝜌𝜎
1−𝛼

2𝛼
𝛼

 

Conditional sandwiched Rényi entropy

𝐻𝛼
∗ 𝐴|𝐸 𝜌 ≔ −inf

𝜎𝐸

 𝐷𝛼
∗ 𝜌𝐴𝐸‖𝐼𝐴 ⊗ 𝜎𝐸

Continuous convergence : 𝐻𝛼
∗ 𝐴|𝐸 𝜌 → 𝐻 𝐴|𝐸 𝜌 as 𝛼 → 1

Schatten 𝛼-norm:
𝑋 𝛼 ≔ Tr 𝑋 𝛼 1/𝛼

[MDS+’13, WWY’14]



Prior Results



Prior Results

𝔼𝑈 Δ𝑈 ≤
1

2
exp −

1

2
𝐻𝟐

∗ 𝐴′|𝐶 𝜔 −
1

2
𝐻𝟐

∗ 𝐴|𝐸 𝜌



Implications (1/2)

𝔼𝑈 Δ𝑈 ≤
1

2
exp −

1

2
𝐻𝟐

∗ 𝐴′|𝐶 𝜔 −
1

2
𝐻𝟐

∗ 𝐴|𝐸 𝜌

 I.I.D. case: 𝜌𝐴𝐸 ← 𝜌𝐴𝐸
⊗𝑛 & 𝒯𝐴→𝐶 ← 𝒯𝐴→𝐶

⊗𝑛, i.e., 𝜔𝐴′𝐶 ← 𝜔
𝐴′𝐶
⊗𝑛

⇒ 𝐻𝟐
∗ 𝐴′|𝐶 𝜔⊗𝑛 = 𝑛𝐻𝟐

∗ 𝐴′|𝐶 𝜔 & 𝐻𝟐
∗ 𝐴|𝐸 𝜌⊗𝑛 = 𝑛𝐻𝟐

∗ 𝐴|𝐶 𝜌

 ⇒ 𝔼𝑈𝑛  Δ𝑈𝑛
 decays exponentially in any copy 𝑛 ∈ ℕ  

if 𝐻𝟐
∗ 𝐴′|𝐶 𝜔 + 𝐻𝟐

∗ 𝐴|𝐸 𝜌 > 0



𝐻𝟐
∗ 𝐴′|𝐶 𝜔 + 𝐻𝟐

∗ 𝐴|𝐸 𝜌

0

Error

𝐻1 𝐴′|𝐶 𝜔 + 𝐻1 𝐴|𝐸 𝜌



𝐻𝟐
∗ 𝐴′|𝐶 𝜔 + 𝐻𝟐

∗ 𝐴|𝐸 𝜌

0
𝐻1 𝐴′|𝐶 𝜔 + 𝐻1 𝐴|𝐸 𝜌



Implications (2/2)

𝔼𝑈 Δ𝑈 ≤
1

2
exp −

1

2
𝐻𝟐

∗ 𝐴′|𝐶 𝜔 −
1

2
𝐻𝟐

∗ 𝐴|𝐸 𝜌

 AEP: 𝐻min
𝜀 𝐴|𝐸 𝜌⊗𝑛 = 𝑛𝐻 𝐴 𝐸 𝜌 + 𝑜 𝑛

 ⇒ 𝔼𝑈𝑛  Δ𝑈𝑛
 vanishes asymptotically as 𝑛 → ∞

≤
1

2
exp −

1

2
𝐻min

𝜀 𝐴′|𝐶 𝜔 −
1

2
𝐻min

𝜀 𝐴|𝐸 𝜌 + 6𝜀

if 𝐻 𝐴′|𝐶 𝜔 + 𝐻 𝐴|𝐸 𝜌 > 0



Prior Results: Standard Decoupling

 𝒯𝐴→𝐶 = Tr𝐴\𝐶  is partial trace with a remainder dimension |𝐶|

We want 𝐶  ↑, or equivalently, 
𝐴

𝐶
 ↓



Prior Results: Standard Decoupling

𝔼𝑈 Δ𝑈 ≤ 2
2−𝛼

𝛼 exp −
𝛼 − 1

𝛼
𝐻𝜶

∗ 𝐴|𝐸 𝜌 − log 𝐶 , ∀𝛼 ∈ [1,2]

 𝒯𝐴→𝐶 = Tr𝐴\C is partial trace with a remainder dimension |𝐶|



Achievable rate regionError 𝜀
(trace distance) 

n = 1

n = 5
n = 20

n = 100 n = 500

𝐻 𝐴|𝐸 𝜌 Rate 𝑅 ≔
1

𝑛
log 𝐶

𝜀 ≤ e
−𝑛⋅ sup

𝛼∈ 1,2

𝛼−1
𝛼 𝐻𝛼

∗ 𝐴|𝐸 𝜌−𝑅I.I.D.



Prior Results

𝔼𝑈 Δ𝑈 ≤ 2
2−𝛼

𝛼 exp −
𝛼 − 1

𝛼
𝐻𝟐

∗ 𝐴′|𝐶 𝜔 + 𝐻𝜶
∗ 𝐴|𝐸 𝜌 , ∀𝛼 ∈ [1,2]

 For general decoupling channel 𝒯𝐴→𝐶



Prior Results

𝔼𝑈 Δ𝑈 ≤ 2
2−𝛼

𝛼 exp −
1

2
𝐻𝟐

𝜀 𝐴′|𝐶 𝜔 −
𝛼 − 1

𝛼
𝐻𝜶

∗ 𝐴|𝐸 𝜌 + 𝜀′



Main Question

 The bound implies that the decoupling error decays exponentially only if 

 Dupuis (2023) “Rényifies” the state part:

𝐻𝟐
∗ 𝐴′|𝐶 𝜔 + 𝐻𝟏

∗ 𝐴|𝐸 𝜌 > 0

𝐻𝟐
∗ 𝐴|𝐸 𝜌 ⇢  𝐻𝜶

∗ 𝐴|𝐸 𝜌 ∀𝛼 ∈ 1,2

but the channel part 𝐻𝟐
∗ 𝐴′|𝐶 𝜔 remains.

How to simultaneously “Rényify” both the state and channel parts? 



Main Results



A One-Shot Achievability Bound

 For any states 𝜔𝐴′𝐶  & 𝜌𝐴𝐸 and any 𝛼 ∈ [1,2]

Theorem. 𝔼𝑈 Δ𝑈 ≤ 3
1−𝛼

𝛼 exp −
𝛼−1

𝛼
𝐻𝜶

∗ 𝐴′|𝐶 𝜔 + 𝐻𝜶
∗ 𝐴|𝐸 𝜌

 Decays exponentially for any number of copies 𝑛 ∈ ℕ

sup
𝛼∈[1,2]

𝛼−1

𝛼
𝐻𝜶

∗ 𝐴′|𝐶 𝜔 + 𝐻𝜶
∗ 𝐴|𝐸 𝜌 > 0 ⇔ 𝐻 𝐴′|𝐶 𝜔 + 𝐻 𝐴|𝐸 𝜌 > 0

 An achievable error exponent 



A One-Shot Strong Converse Bound

 For any states 𝜔𝐴′𝐶  & 𝜌𝐴𝐸 and any 𝛼 ∈ (0,1)

𝔼𝑈Δ𝑈 ≥ 1 − 3 exp (1 − 𝛼) 𝐻𝜶
↓ 𝐴′|𝐶 𝜔 + 𝐻𝜶

↓ 𝐴|𝐸 𝜌

 𝐻𝛼
↓ 𝐴|𝐸 𝜌  ≔

1

1−𝛼
log Tr 𝜌𝐴𝐸

𝛼 𝐼𝐴 ⊗ 𝜌𝐸
1−𝛼

sup
𝛼∈ 0,1

𝛼 − 1 𝐻𝜶
↓ 𝐴′|𝐶 𝜔 + 𝐻𝜶

↓ 𝐴|𝐸 𝜌 > 0 ⇔ 𝐻 𝐴′|𝐶 𝜔 + 𝐻 𝐴|𝐸 𝜌 < 0

 A strong converse exponent 



Achievable rate region

𝐻 𝐴′|𝐶 𝜔 + 𝐻 𝐴|𝐸 𝜌

Expected trace distance

0

n = 1
n = 5n = 20n = 100

n = 500



Proof Idea (Achievability)



Main Technique: Norm Interpolation Inequality

 Schatten 𝑝-norm:

𝐴 𝑝 ≤ 𝐴 𝑝0
1−𝜃 𝐴 𝑝1

𝜃 ,  
1

𝑝
=

1−𝜃

𝑝0
+

𝜃

𝑝1
, 𝜃 ∈ 0,1

 Log-convexity of the norm: 
1

𝑝
↦ 𝐴 𝑝

 Riesz-Thorin Interpolation Theorem

 Hadamard’s Three-Line Theorem

 Hölder’s inequality



Crucial Observation

𝜔𝐶𝐴

Id

𝒰𝐴 𝒯𝐴→𝐶

𝐴

𝐸

𝜌𝐴𝐸 ⊗

𝜌𝐸

≈

38

Φ𝐴′𝐴 𝑋 ⊗ 𝑌 Φ𝐴′𝐴 =
1

𝐴
Tr𝐴′𝐴 𝑋𝑇𝑌

𝒯𝐴→𝐶 𝑈𝐴𝜌𝐴𝐸𝑈𝐴
† = 𝑑 Φ𝐴′𝐴 𝜔𝐴′𝐶 ⊗ 𝑈𝐴𝜌𝐴𝐸𝑈𝐴

† Φ𝐴′𝐴



Crucial Observation

𝜔𝐶𝐴

Id

𝒰𝐴 𝒯𝐴→𝐶

𝐴

𝐸

𝜌𝐴𝐸 ⊗

𝜌𝐸

≈

38

𝜔𝐶 ⊗ 𝜌𝐸 = 𝔼𝑈 𝑑 Φ𝐴′𝐴 𝜔𝐴′𝐶 ⊗ 𝑈𝐴𝜌𝐴𝐸𝑈𝐴
† Φ𝐴′𝐴

Φ𝐴′𝐴 𝑋 ⊗ 𝑌 Φ𝐴′𝐴 =
1

𝐴
Tr𝐴′𝐴 𝑋𝑇𝑌



Analysis from The Functional Perspective

𝜔𝐶𝐴

Id

𝒰𝐴 𝒯𝐴→𝐶

𝐴

𝐸

𝜌𝐴𝐸 ⊗

𝜌𝐸

≈

38

𝒯𝐴→𝐶 , 𝜌𝐴𝐸 ↦ 𝑑 Φ𝐴′𝐴 𝜔𝐴′𝐶 ⊗ 𝑈𝐴𝜌𝐴𝐸𝑈𝐴
† Φ𝐴′𝐴



Analysis from The Functional Perspective

𝜔𝐶𝐴

Id

𝒰𝐴 𝒯𝐴→𝐶

𝐴

𝐸

𝜌𝐴𝐸 ⊗

𝜌𝐸

≈

38

𝜔𝐴′𝐶 , 𝜌𝐴𝐸 ↦ 𝑑 Φ𝐴′𝐴 𝜔𝐴′𝐶 ⊗ 𝑈𝐴𝜌𝐴𝐸𝑈𝐴
† Φ𝐴′𝐴



Analysis from The Functional Perspective

𝜔𝐶𝐴

Id

𝒰𝐴 𝒯𝐴→𝐶

𝐴

𝐸

𝜌𝐴𝐸 ⊗

𝜌𝐸

≈

38

𝒀𝑨𝑨′𝑪𝑬 ↦ 𝑑 Φ𝐴′𝐴 𝑈𝐴𝒀𝑨𝑨′𝑪𝑬𝑈𝐴
† Φ𝐴′𝐴



Decoupling Map

Θ: ℬ 𝐴𝐴′𝐶𝐸 → 𝐿∞ 𝕌 𝐴 , ℬ(𝐶𝐸)

𝔼𝑈Θ 𝑌𝐴𝐴′𝐶𝐸 = 𝔼𝑈 𝑑 Φ𝐴′𝐴 𝑈𝐴𝑌𝐴𝐴′𝐶𝐸𝑈𝐴
† Φ𝐴′𝐴

                 = 𝑑 Φ𝐴′𝐴
𝐼𝐴

𝑑
⊗ 𝑌𝐴′𝐶𝐸 Φ𝐴′𝐴

Θ 𝒀𝑨𝑨′𝑪𝑬 ≔ 𝑑 Φ𝐴′𝐴 𝑈𝐴𝒀𝑨𝑨′𝑪𝑬𝑈𝐴
† Φ𝐴′𝐴

Operator-valued
Random variable



Mean-Deviation Bound

𝔼𝑈 Δ𝑈 𝒀𝑨𝑨′𝑪𝑬 ≔
1

2
𝔼𝑈 Θ 𝒀𝑨𝑨′𝑪𝑬 − 𝔼𝑈Θ 𝒀𝑨𝑨′𝑪𝑬

1
=

 For any bounded operator 𝒀𝑨𝑨′𝑪𝑬 ∈ ℬ(𝐴𝐴′𝐶𝐸),

 Decoupling 

𝔼𝑈Δ𝑈 𝜔𝐴′𝐶 ⊗ 𝜌𝐴𝐸 ≔
1

2
𝔼𝑈 Θ 𝜔𝐴′𝐶 ⊗ 𝜌𝐴𝐸 − 𝔼𝑈Θ 𝜔𝐴′𝐶 ⊗ 𝜌𝐴𝐸

1

=



Proof Sketch

Hölder’s inequality, 
1

𝛼
+

1

𝛼′ = 1Θ 𝒀 − 𝔼𝑈Θ 𝒀 1𝔼𝑈

≤  𝜎𝐶𝐸

1
2𝛼′

2𝛼′ 𝜎𝐶𝐸

−
1

2𝛼′
Θ 𝒀 − 𝔼𝑈Θ 𝒀 𝜎𝐶𝐸

−
1

2𝛼′

𝛼
𝜎𝐶𝐸

1
2𝛼′

2𝛼′
𝔼𝑈

=  𝜎𝐶𝐸

−
1

2𝛼′
Θ 𝒀 − 𝔼𝑈Θ 𝒀 𝜎𝐶𝐸

−
1

2𝛼′

𝛼

=  Θ 𝜎𝐶𝐸

−
1

2𝛼′
𝒀𝜎𝐶𝐸

−
1

2𝛼′
− 𝔼𝑈Θ 𝜎𝐶𝐸

−
1

2𝛼′
𝒀𝜎𝐶𝐸

−
1

2𝛼′

𝛼

𝔼𝑈

𝔼𝑈

=: Θ ෩𝒀 − 𝔼𝑈Θ ෩𝒀
𝛼

𝔼𝑈 ≤  Θ ෩𝒀 − 𝔼𝑈Θ ෩𝒀
𝛼

𝛼 1/𝛼
 = 𝔼𝑈𝔼𝑈



Proof Sketch

𝔼𝑈 Θ ෩𝒀 − 𝔼𝑈Θ ෩𝒀
𝛼

𝛼 1/𝛼
 



Proof Sketch

𝔼𝑈 Θ ෩𝒀 − 𝔼𝑈Θ ෩𝒀
𝛼

𝛼 1/𝛼
 



Proof Sketch

Θ ෩𝒀 − 𝔼𝑈Θ ෩𝒀
𝐿𝛼 𝑆𝛼

𝔼𝑈 Θ ෩𝒀 − 𝔼𝑈Θ ෩𝒀
𝛼

𝛼 1/𝛼
 ≤ 𝑐𝛼

෩𝒀
𝛼

= 𝑐𝛼 𝜎𝐶𝐸

−
1

2𝛼′
𝒀𝜎𝐶𝐸

−
1

2𝛼′

𝛼

→ e
𝛼−1

𝛼
𝐻𝛼

∗ 𝐴′𝐴|𝐶𝐸
𝒀

𝚯 − 𝔼𝑼𝚯: 𝑆𝛼 → 𝐿𝛼 𝑆𝛼 ≔ sup
෩𝒀≠0

Θ ෩𝒀 −𝔼𝑈Θ ෩𝒀
𝐿𝛼 𝑆𝛼

෩𝒀
𝛼

 ≤ 



Proof Sketch

⇒ 𝚯 − 𝔼𝑼𝚯: 𝑆1 → 𝐿1 𝑆1 ≤ 2 

1. (𝛼 = 1) By triangle inequality:

2. (𝛼 = 2) By twirling:

⇒ 𝚯 − 𝔼𝑼𝚯: 𝑆2 → 𝐿2 𝑆2 ≤
𝑑2

𝑑2−1
 ≤

2

3
, ∀𝑑 ≥ 2 



Proof Sketch

3. (𝛼 ∈ [1,2]) Interpolation inequality :

⇒ 𝚯 − 𝔼𝑼𝚯: 𝑆𝛼 → 𝐿𝛼 𝑆𝛼

□

1

𝛼
=

1 − 𝜃

1
+

𝜃

2
, 𝜃 = 2

𝛼 − 1

𝛼

≤ 𝚯 − 𝔼𝑼𝚯: 𝑆1 → 𝐿1 𝑆1
1−𝜃 ⋅ 𝚯 − 𝔼𝑼𝚯: 𝑆2 → 𝐿2 𝑆2

𝜃

2
2

3

= 2 ⋅ 3
1−𝛼

𝛼



Main Result (Joint Interpolation)

Theorem. For any bounded operator 𝒀𝑨𝑨′𝑪𝑬 ∈ ℬ(𝐴𝐴′𝐶𝐸),

𝔼𝑈 Δ𝑈 𝒀𝑨𝑨′𝑪𝑬 ≤ 3
1−𝛼

𝛼 𝜎𝐶𝐸

−
1

2𝛼′
𝒀𝜎𝐶𝐸

−
1

2𝛼′

𝛼
, ∀𝜎𝐶𝐸 , 𝛼 ∈ 1,2

In particular, for any positive operator 𝜏𝐴𝐴′𝐶𝐸,

𝔼𝑈 Δ𝑈 𝝉𝑨𝑨′𝑪𝑬 ≤ 3
1−𝛼

𝛼 e
𝛼−1

𝛼 𝐻𝛼
∗ 𝐴′𝐴|𝐶𝐸

𝝉 , ∀𝛼 ∈ 1,2



Back to decoupling

Lemma (Additivity [Müller-Lennert et al. (2013), Beigi (2013)]). 

In particular, for any positive 𝜔𝐴′𝐶  and 𝜌𝐴𝐸,

𝔼𝑈Δ𝑈 𝜔𝐴′𝐶 ⊗ 𝜌𝐴𝐸 ≤ 3
1−𝛼

𝛼 e
1−𝛼

𝛼 𝐻𝜶
∗ 𝐴′|𝐶

𝜔
+𝐻𝜶

∗ 𝐴|𝐸 𝜌

𝐻𝛼
∗ 𝐴′𝐴|𝐶𝐸 𝜔⊗𝜌 = 𝐻𝛼

∗ 𝐴′|𝐶 𝜔 + 𝐻𝛼
∗ 𝐴|𝐸 𝜌

Then, for any 𝛼 ∈ [1,2],



Back to decoupling

Corollary. 

For any integer 𝑛,

𝔼𝑈𝑛Δ𝑈𝑛
𝜔

𝐴′𝐶
⊗𝑛 ⊗ 𝜌𝐴𝐸

⊗𝑛 ≤ e
−𝑛 sup

𝛼∈[1,2]

𝛼−1
𝛼 𝐻𝜶

∗ 𝐴′|𝐶
𝜔

+𝐻𝜶
∗ 𝐴|𝐸 𝜌

The error exponent > 0  ⇔ 𝐻 𝐴′|𝐶 𝜔 + 𝐻 𝐴|𝐸 𝜌 > 0



Implications



Mathematically, Channel and State can be entangled!

Theorem. For any positive operator 𝝉𝑨𝑨′𝑪𝑬,

𝔼𝑈Δ𝑈 𝝉𝑨𝑨′𝑪𝑬 ≤ 3
1−𝛼

𝛼 e
𝛼−1

𝛼 𝐻𝛼
∗ 𝐴′𝐴|𝐶𝐸

𝜏 , ∀𝛼 ∈ 1,2

𝜔𝐶𝐴

Id

𝒯𝐴→𝐶

𝐴

𝐸

𝜌𝐴𝐸 ⊗

𝜌𝐸

≈
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𝐴

Id

𝒰𝐴
𝒯𝐴→𝐶

𝑖

𝐴

𝐸

𝜌𝐴𝐸
𝑖

 Let 𝑝 𝑖 , 𝜌𝐴𝐸
(𝑖)

, 𝒯𝐴→𝐶
(𝑖) 

be an ensemble of state-channel pairs.

𝑝 𝑖

𝔼𝑈𝐴

1

2
σ𝑖 𝑝 𝑖 𝒯𝐴→𝐶

𝑖
𝑈𝐴𝜌𝐴𝐸

𝑖
𝑈𝐴

† − 𝜔𝐶
𝑖

⊗ 𝜌𝐸
𝑖

1
 

𝜔𝐶
𝑖

⊗

𝜌𝐸
𝑖

≈



Recent Results



Recent Results

 Strengthening Dupuis (2023) to measured Rényi entropies 
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 Relative entropy/purified distance criterion

Trace distance: 𝔼𝑈
1

2
𝒯𝐴→𝐶 𝜌𝐴𝐸

𝑈 − 𝜔𝐶 ⊗ 𝜌𝐸
1

≤ 3
1−𝛼

𝛼 e
1−𝛼

𝛼
𝐻𝛼

∗ 𝐴′|𝐶
𝜔

+𝐻𝛼
∗ 𝐴|𝐸 𝜌

Relative entropy: 𝔼𝑈𝐷 𝒯𝐴→𝐶 𝜌𝐴𝐸
𝑈 ‖𝜔𝐶 ⊗ 𝜌𝐸 ≤  



Conclusions

 One-shot achievability bound for 𝐻 𝐴′|𝐶 𝜔 + 𝐻 𝐴|𝐸 𝜌 > 0

 One-shot strong converse bound for 𝐻 𝐴′|𝐶 𝜔 + 𝐻 𝐴|𝐸 𝜌 < 0

 

 Asymptotic tightness?

 Applications of decoupling for correlated state & channel?

sup
𝛼∈[1,2]

𝛼 − 1

𝛼
𝐻𝛼

∗ 𝐴′|𝐶 𝜔 + 𝐻𝛼
∗ 𝐴|𝐸 𝜌

sup
𝛼∈ 0,1

𝛼 − 1 𝐻𝛼
↓ 𝐴′|𝐶 𝜔 + 𝐻𝛼

↓ 𝐴|𝐸 𝜌
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