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Quantum Information Decoupling
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Notation

» Quantum systems A (with finite dimension d)

A=A

C (arbitrary)

E (arbitrary)
> |CI> n A) = \/% i jli) 4'1J) 4, the maximally entangled state between A & A’
» wyre = 1dy @ Tase (| @ar Dy 4|) is the Choi state of channel T,

> Pap = UA,DAEU,I

1
8 =2 Wi (oke) = 0c @ pel| = 2




Notation

Schatten a¢-norm:
1X]lg = (Tr[|X]|*])1/«

|

[MDS+13, WWY’14]

1
-1

— lo ‘0‘26{ O 2a
— o1 8 P

1-«
Sandwiched Rényi divergence D, (p||o) = — logTr [(07,007

a

) ]

Conditional sandwiched Rényi entropy

Ha(A|E), =

—inf Dy (paellla @ o)
OF

Continuous convergence: H, (A|E), > H(A|E),asa — 1
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U 1 1 % / 1 *
Ey A” < - exp —EHZ(A 1C),, —EHZ(A|E)p



Implications (1/2)

U 1 1 1
Ey A” =< sexp —EHz(A|C)w—§Hz(A|E)p

: X Xn . Xn
» LLD. case: pup « pap & Tyc « Ty g e, wyre Wyre

= H;(A'|C) yen = nH3(A'|C),, & H3(A|E) jon = nH3(A|C),,

» = Eyn AV" decays exponentially in any copyn € N

if Hy(A'|C), + H3(A|E), > 0




H;(A"C)w T H;(A‘E)p Error

Hl(A"C)w + Hl(A‘E)p



H3(A'|C),, + H3 (AIE)

0 |
H,(A'[C) + Hi(A]E)



Implications (2/2)

U 1 f 1 * / 1 *
E, A Szexpi—sz(A|C)w—§H2(A|E)p
1 (1 . 1 .

SEQXp<—§ min(Alc)a)_EHmin(AlE)p + 6¢

\

» AEP: anin(A|E)p®n =nH(A|E), + o(n)

» = Eyn AU" vanishes asymptotically as n — oo

if H(A'|C), + H(A|E), > 0




Prior Results: Standard Decoupling
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Without Smoothing

Frédéric Dupuis

» Ty¢c = Try\¢ is partial trace with a remainder dimension |C|

We want [C| T, or equivalently, % l




Prior Results: Standard Decoupling

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 69, NO. 12, DECEMBER 2023

Privacy Amplification and Decoupling
Without Smoothing

Frédéric Dupuis

» Tyc = Try\c is partial trace with a remainder dimension |C|

Z=0 a—1
Ey; AV <2 a exp —T(H;‘,(A|E)p—log|C|) ,Va € [1,2]



L.ID.

Error €

(trace distance)

1/5

Achievable rate region

c<e

a-1,__.
—n- sup ——=(Hy(A|E)p—R)
a€l1,2]

n =500

H(A|E),

Rate R := %logICI




Prior Results

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 69, NO. 12, DECEMBER 2023

Privacy Amplification and Decoupling
Without Smoothing

Frédéric Dupuis

» For general decoupling channel 7,

2-a a—1
Ey AV < 27a exp {—T(H;(A'w)w + H;,;(A|E)p)},\m € [1,2]



Prior Results
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E, AY <2

1 , a—1 ,
@ exp— o H5(A'|C) ———Ha(A|E){ + ¢



Main Question

» Dupuis (2023) “Rényifies” the state part:

H;(AlE)p " Hc*x(AlE)p Va € [1;2]

but the channel part H,(A'|C),, remains.

» The bound implies that the decoupling error decays exponentially only if

H3(A'|C) + Hi(A|E), > 0

How to simultaneously “Rényify” both the state and channel parts?



Main Results
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A One-Shot Achievability Bound
» For any states w,/ - & p,z and any a € [1,2]

1-x

Theorem. E; AY < 37« exp {— a7—1 (HZ(A’|C)(U + H;(AlE)p)}

» Decays exponentially for any number of copiesn € N

» An achievable error exponent

sup —(H (A'|C)y + Hy(AIE),) > 0 H(A'|C)y, + H(AIE), >0
a€[1,2]



A One-Shot Strong Converse Bound

» For any states v,/ & p,z and any a € (0,1)

EyAY = 1 —3exp{(1 — a)(Hy(A'|C), + Hz(A|E),)}

1 —
g Hclx(A|E)p = Elog Trlpgs (s ® pg)' %]
» A strong converse exponent

sup (a — 1)(Hy(A'|C), + Hy(A|E),) > 0 H(A'|C), + H(A|E), <0
a€(0,1)



Expected trace distance

Achievable rate region

n =500

0 H(A'|C),, + H(A|E),



Proof Idea (Achievability)



Main Technique: Norm Interpolation Inequality

» Schatten p-norm:

1=%42 pelo1]

A < |lA 1-6 A 0 )
1Allp < lAllp " lAllp,, ===+~

, 1
» Log-convexity of the norm: oo 1All,

» Riesz-Thorin Interpolation Theorem Complex Interpolation
between Hilbert, Banach

and Operator Spaces

» Hadamard’s Three-Line Theorem

Gilles Pisier

» Holder’s inequality
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Crucial Observation (@, X @YD, ,) = —Tr,[XTY]

|A]
‘UA :7:4—>C O
A A | - e
PAE ~ ®
E Id Op

Jasc (UAPAEU,I) =d <CI)A'A ‘a)A’C ® UA:DAEU,;” CI)A'A>
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Crucial Observation (D, 1X QYD ,) = T XY
uA 734—>C l -----------
A A | W¢ |
PAE ~ Q®
E Id  PE
W ® PE IEU d <CI)A’A ‘a)A’C ® UA:DAEU,;” CI)A,A>
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Analysis from The Functional Perspective

uA g:é]—)C ol P——
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: ‘ @

(Tacrpag) » d <CDA’A ‘wA'C ® UApAEU,;” CI)A'A)
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Analysis from The Functional Perspective

uA g:é]—)C ol P——

§ 4 i - We

PAE z &
: ‘ @

(wA’C:,DAE) = d <CI)A'A ‘wA’C ® UAPAEU,;” CI)A’A>
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Analysis from The Functional Perspective

uA 734—)6‘ ol P——
§ 4 i - We
PAE z %
i . PE

.I.
Vawes ™ ¢ <CDA'A ‘UAYAA'CEUA ‘ CDA’A>
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: Operator-valued
Decouphng Map @)m variable }

©: B(AA'CE) - Lo, (U(A), B(CE))

O(Y an'cp) = d <(DA’A ‘UAYAA’CEU,:{ | (DA’A>

EyO(Yauce) = Ey d <CI)A'A ‘UAYAA'CEU/” CDA'A)

=d <CI)A’A ‘IEA & YA'CE‘ CI)A'A>




Mean-Deviation Bound

» For any bounded operator Y 4,/ € B(AA'CE),

1
Ly AU(YAA'CE) = EEUH@(YAA’CE) - IEU@(YAA’CE)Hl =7

» Decoupling

1
EyAY (warc ® par) = EIEUH@((‘)A'C ® par) — EyO(wyc ® PAE)Hl
.




Proof Sketch

. .- o101
Ey [10(Y) —E,;0(Y)]|4 Holder’s inequality, = + — = 1
L 1 1 1
2 4 ? / 2 / 7 7
= IEU O-Cg 20 O-CEa [G)(Y) — IEUG)(Y)]O-CEC( . O-Cg S
1 1
— IEU O'CE?C(’ [@(Y) . [EUG)(Y)]O_CE?CU

a

_L _L N 1 3 1
U ® O-CE YO_CE Eu® O'CE YO_CE ’

=: Ey [|0(7) - Ey0(7)|| = £u( Ev[0(V) - IEUG(?)HZ)l/a



Proof Sketch

(Eyllo(7) - Es0(P)]|*) "



Proof Sketch

(Ey]l6(7) - Eyo(7)]|) "



Proof Sketch

. ~ 1/« ? - —i, —i,
(Eu\\®(Y) - IEU@(Y)HZ) <ca||V]|, =calloc:" Yoo |,
N\ J g /)

~ ~
lo(7) ~ B0, .. | Eaen),

lo(¥)-Ey0(Y)]
”@ — IEU('D: Sa — La(Sa)” b §up |l|]7” La(Sa) < ?
Y+0 a




Proof Sketch

1. (a¢ = 1) By triangle inequality:
= |0 —Ey®: S = Li(S)I] <2

2. (a = 2) By twirling:
= |[@ —Ey®: S; = L (S2)| < / <_ ,Vd = 2




Proof Sketch
3. (a € [1,2]) Interpolation inequality:

= |0 = Ey0:5; = Lo(Sa)ll

<[|®—-Ey®:S; - L1(51)||1_9 -[|©@ —Ey®: S, - Lz(Sz)”‘9

N\ J
. Y . Y
2
2 V3
11—«
= 2.3 « Sl o =l




Main Result (Joint Interpolation)

Theorem. For any bounded operator ¥ 44/ € B(AA'CE),

1 1

2a'v - 2a’
Ocp YO,p

1-«a
Ey AV(Y gprcp) <3 @ ,  Yocg a €[1,2]

a
In particular, for any positive operator T, 47>

1-aa a-1_.., .,
Ey AY(Tgprcp) <37@ e @ Ha( A AICE), Va € [1,2]




Back to decoupling

Lemma (Additivity [Miiller-Lennert et al. (2013), Beigi (2013)]).

In particular, for any positive w . and pyg,
Ho(A'A|CE) yp = Ha(A'|C)y + Ha(A|E),

Then, for any a € [1,2],

EyAU (00, @ pup) <3 @ 6@ (ald10),+Hi(alE),)




Back to decoupling

Corollary.

For any integer n,

EynAU” (wff)g ® Pﬁg]);n) <e

a—1 % ! *

The error exponent > 0 < H(A'|C),, + H(A|E), >0




Implications
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Mathematically, Channel and State can be entangled!

g:4->C - |
i A A - W¢
PAE ~ ®
Id
E i . \PE

Theorem. For any positive operator T4/ ¢

1-a a-1_ ., .,
EyAY(Tgarcg) 3@ e @ Ha( A AICE),, Va € [1,2]




Randomness-Assisted Decoupling

» Let {p(i), pgg, 17:4(_i3c} be an ensemble of state-channel pairs.

..................................................................... (1)
uA :7:41>C
¥ y y - éi)
p(i) @ A
PAE )
E Id p]gl)

1 M ] y . ;
B,y Hzip(l)jjal(i)c (UAP%U,I) — a)g) 0 plg})




Recent Results
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Recent Results

= I‘<1V > quant-ph > arXiv:2603.04493

Quantum Physics

[Submitted on 4 Mar 2026 (v1), last revised 12 Mar 2026 (this version, v2)]

Rethinking quantum smooth entropies: Tight one-shot analysis of quantum privacy amplification

Bartosz Regula, Marco Tomamichel

» Strengthening Dupuis (2023) to measured Rényi entropies



Recent Results (Talk on Thursday Morning)

1-a 1-«

Trace distance: IEU%“f]jq_)C(ng) —we @ pEH1 <3 aea

(Ha(4'|C) , +HE(AIE) )

» Relative entropy/purified distance criterion

ar ’(1V > quant-ph > arXiv:2602.17430

Quantum Physics

D . U
Relatlve entropy- ]EUD (:rA—>C (,DAE) ”wC ® ,DE) S ? [Submitted on 19 Feb 2026]
Tight any-shot quantum decoupling

Mario Berta, Hao-Chung Cheng, Yongsheng Yao




Conclusions

» One-shot achievability bound for H(A'|C),, + H(A|E), > 0

a R 1 %k !/ S
sup —— (Hy(A'[C), + H5(AIE) )
a€g[1,2] &

» One-shot strong converse bound for H(A'|C),, + H(A|E), < 0

sup (@ — 1)(Hz(4'|C)y, + Hy(A|E),)
a€(0,1)

» Asymptotic tightness?
» Applications of decoupling for correlated state & channel?

arXiv:2409.15149 %”%'CD
I =
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