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Motivation: unify perspectives
Blackwell's theorem (economics) gives a general order on
informativeness: one experiment is better than another iff it we
can simulate it by post-processing or equivalently iff it is better for
a decision maker.
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Context: divide between economic and
information-theoretic perspectives

Information theory _ Kelly's link J E ic decisic ki
Shannon - | i

Kelly criterion
links information and betting

created a divide

Information-theoretic, long run
Thorp

Expected utility theory

Samuelson
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Main Results

1. Single-shot Kelly gambling
We extend the Kelly criterion beyond the asymptotic regime
to finite and one-shot betting games.

2. Optimal strategy and success probability
For a target rate of return after a finite number of bets, we
compute the strategy maximizing the probability of success.

3. Risk-reward
Rényi divergences.

4. Conceptual bridge

> expected utility (economics)
» Information theory

5. Connection to communication theory.

6. Connection to thermodynamics (with Takahiro Sagawa,
Philippe Faist).
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Background
Kelly betting



Kelly betting

PUBLIC ODDs
HORSE # oDDS
#a 0.6
# 2 o4
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Kelly betting
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Example: fixed odds, compare Alice's strategies, two horse
race

Suppose Alice has $100. Bob's odds (implied probs):

Q% = (48, 95) = (0.6,0.4), ;‘;—,

A
w; = 1007

1

Strategy Bet fractions (g, q;') Payoff if 1 wins Payoff if 2 wins
A (0.9,0.1) $150 $25
B (0.7,0.3) $116.67 $75
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Kelly betting

1}

» The growth in wealth after in the géymptotic, i.i.d. limit (with
re-investing) was shown by Kelly to be: .Y

VV|\//5 = exp (n [D(Px|1QF) - D(PxHQQU

]

Optimal asymptotic strategy: Qa4 = P. Ignore the odds!

™
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Kelly betting

A rspons: o Proar Pasd A Sarrwbon

Journal of Banking and Finance 3 (1979) 305-307. © North-Holland Publishing Company

WHY WE SHOULD NOT MAKE MEAN LOG OF WEALTH BIG
THOUGH YEARS TO ACT ARE LONG

Paul A. SAMUELSON*
Massachusetts Institute of Technology, Cambridge, MA 02139, USA

He who acts in N plays to make his mean log of wealth as big
as it can be made will, with odds that go to one as N soars,
beat me who acts to meet my own tastes for risk.

‘Who doubts that? What we do doubt is that it should make us change our
views on gains and losses — should taint our tastes for risk.
To be clear is to be found out. Know that life is not a game with net stake
of one when you beat your twin, and with net stake of nought when you do
not. A win of ten is not the same as a win of two. Nor is a loss of two the
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Why only the type matters (already for finite n)

Step 1: repeated Kelly betting is a single bet on the whole

sequence
Step 2: the i.i.d. source probability also depends only on the type

Hence stake, odds, and probability are all constant on each type class Ay:

QA(Xn) — 2_n(H()‘x")+D()‘x””QA)),A QB(X”) — 2_n(H(/\x”)+D(>‘X"HQB))’

and therefore W\

We _ o no0slon)-Dirmlay 4o

W N, ¥

Finite-n Kelly reduces to betting on type classes. ‘
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For finite n, wealth depends on the type

WE _ 5n(DOrl1Qs)-D(An Q)
Wi

Each type X defines:
» areward D(\| QB)
> a probability 2~ P [P)

Alice faces a tradeoff between reward and probability.
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Optimisation Perspective o

Finite—n problem: ‘w

Optimise D(Axn||P) subject to a bound on D(/\XnHQ)’%Q_/

% Optimal strategy:

QA*(X) _ PX(X)77 (‘?)“%(X)l_77
X S Px() QE(x)

for some n € &  which depends on the constraint.
Optimal betting strategy (Bleuer—Lapidoth—Pfister 2020):

p(X)l/(lfB) QB(X)ﬁ/(lfﬂ)

Qasl) = > P/ (=B Qp(x")B/(1=H)

Therefore:
Information-theoretic optimisation = expected utility

maximisation.
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Some Renyi divergences

Using the optimal strategy, we show that the wealth for a rational
individual may be written as

0g () = aD(P]|QF) + (1 - a)Du(Pxl|QD)| (1)

1
1-p

where o =
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Re-interpretation as communication task

PUBLIC opps
+ HORSE #
# 4
# 2
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Betting as variable-length coding

The communication interpretation of the gambling game:

> Bob’s odds = commitment to a variable-length code:
¢g(z"|y™) bits from Charlie to Alice per outcome

> Alice’s bet = her own compression scheme: £4(z"|x") bits

» Both must satisfy Kraft equality: >.27¢ = 1 (prefix-free =
unambiguous decoding)

> Payoff = surplus communication: kK = /g — {4 bits

> Identifying Qa == 2%, Qg := 27! recovers the Kelly result
Qa/ QB

o CHCCLE) —HeetAY)
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Conclusions

» Information is a resource convertible into payoffs.

> Single-shot Kelly gambling

» Conceptual bridge

> expected utility (economics)
» Information theory

» Connection to communication theory.

» Connection to thermodynamics (with Takahiro Sagawa,
Philippe Faist).

» In this setting, the payoff admits a coding / communication
interpretation.

» Connection to thermodynamics in companion paper.

» Quantum generalisation?
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