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Part 1: What and why?



The goal…

*fault-tolerant quantum computer*

Image from: https://www.nag.co.za/2012/04/24/tech-quantum-computing-takes-a-leap-this-week/ 



1. “Error resistant” quantum memory: QEC code

Ingredients for fault-tolerance

ℰ𝐿→𝑃 𝒩𝑃 𝒟𝑃→𝐿𝜓𝐿 𝜓𝐿

encode decodenoise

Campbell et al. Nature 549, 172–179 (2017)
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1. “Error resistant” quantum memory: QEC code

2.   “Error resistant” quantum processor: fault-tolerant logical gates

Ingredients for fault-tolerance

ℰ𝐿→𝑃 𝒩𝑃 𝒟𝑃→𝐿𝜓𝐿 𝜓𝐿

encode decodenoise …for all 𝜓𝐿

ℰ𝐿→𝑃𝜓𝐿

encode

ℰ𝐿→𝑃𝒰𝐿(𝜓𝐿)

encode

𝒰𝑃1

𝒰𝑃2…

𝒰𝑃𝑛

…
…for all 𝑈𝐿 ∈ 𝑈 𝑑𝐿

Simplest: “transversality”

Campbell et al. Nature 549, 172–179 (2017)

=

…

physical space

𝑃1 𝑃2 𝑃3 𝑃𝑛



Stumbling block

Eastin-Knill theorem: There is no (finite-dimensional) QEC code with a
universal transversal gate set which exactly corrects for subsystem erasure1

[1] Eastin & Knill (2009); [2] Bény & Oreshkov (2010)
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Stumbling block

Eastin-Knill theorem: There is no (finite-dimensional) QEC code with a
universal transversal gate set which exactly corrects for subsystem erasure1

• Any fault-tolerant architecture must circumvent!

• Approximate QEC: relax assumption of exact error correction2

[1] Eastin & Knill (2009); [2] Bény & Oreshkov (2010)

ℰ𝐿→𝑃 𝒩𝑃 𝒟𝑃→𝐿𝜓𝐿 𝜎𝐿 ≈𝜀 𝜓𝐿

encode decodenoise …for all 𝜓𝐿

“ε-correctability”



• “Robust” variants of Eastin-Knill provide lower bounds on asymptotic QEC inaccuracy of codes with UTG 
(necessary conditions)[1]

𝜀 = Ω(1/𝑛2)

Approximate Eastin-Knill

[1] Woods & Alhambra (2020); Faist et al. (2020); Kubica & Demkowicz-Dobrzi (2021) [2] Yang et al. (2022); Kong & Liu (2022)
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• “Robust” variants of Eastin-Knill provide lower bounds on asymptotic QEC inaccuracy of codes with UTG 
(necessary conditions)[1]

𝜀 = Ω(1/𝑛2)

• Achievability? 

- Explicit constructions of approximate codes with UTG [2] (sufficient conditions):

- E.g. Haar random covariant codes give matching upper bounds on average for 𝑛 ≫ 1

Q: necessary and sufficient conditions for single-shot regime?

Approximate Eastin-Knill

[1] Woods & Alhambra (2020); Faist et al. (2020); Kubica & Demkowicz-Dobrzi (2021) [2] Yang et al. (2022); Kong & Liu (2022)



Part 2: Main results



Main result

𝑐:=
𝑑 + 1

𝑑

Theorem. Any encoder ℰ𝐿→𝑃 with a universal set of transversal gates is ε-correctable w.r.t

erasure of 𝑚 subsystems 𝒩𝑃→𝑃′ ≔ tr𝑃1…𝑃𝑚 iff

𝐻𝑚𝑖𝑛 𝐿 𝑃′ 𝐽(𝒩∘ℰ) ≤ − log 𝑑𝐿 1 − 𝑐𝐿ε

[1] Renner PhD thesis ETH (2005); Tomamichel et al. IEEE Trans. Inf. Theory, 55(12), 5840–5847 (2009)
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⇒ 𝜀 ≥
1

𝑑𝐿(𝑑𝐿+1)

1

𝑛2
(𝑛 ≫ 1)

Gives flavour for ε = 0 no-go 
result: erasure noise breaks 
entanglement!

𝐿 𝑃
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[1] Renner PhD thesis ETH (2005); Tomamichel et al. IEEE Trans. Inf. Theory, 55(12), 5840–5847 (2009)



𝜀 ≥
𝑁𝑒
𝑛

1 −
1

𝑑𝐿

𝜓𝐿 →
1

𝑛
(|𝜓, ⊥, ⊥, … , ⊥⟩ + ⊥, 𝜓, ⊥,… , ⊥ +⋯ ⊥, ⊥, ⊥,… , 𝜓 ), ⟨𝜓| ⊥⟩ = 0

Example: W-state code

𝑈𝐿 → 𝑈𝐿
⊗𝑛

The W-state code can ε-correct erasure of 
𝑁𝑒 subsystems iff

e.g. n = 100 qutrits can encode 1 logical qubit 
and correct for single subsystem erasure up to 

ε = 0.005



Define “near-optimal infidelity” [1]: 

δ(𝒩 ∘ ℰ) ≔ c𝐿
−1(1 − 𝑑𝐿

−2‖tr𝐿 𝑀‖2
2)

Optimization-free metric 

Corollary. Any encoder ℰ𝐿→𝑃 with a universal transversal set of gates

can ε-correct for erasure of 𝑚 subsystems…

if: 𝜀 ≥ 𝛿 tr𝑃1…𝑃𝑚 ∘ ℰ

only if: 𝜀 ≥
1

2
𝛿(tr𝑃1…𝑃𝑚 ∘ ℰ)

[1] Zeng et al. Phys. Rev. Lett. 132, 250602 (2024).

QEC matrix 𝑀:

𝑀[𝑖,𝑛][𝑗,𝑚] ≔ ⟨𝑖𝐿|𝑁𝑛
Ϯ
𝑁𝑚|𝑗𝐿⟩

• {𝑁𝑚} Kraus ops of 𝒩
• {|𝑗𝐿⟩} code words of ℰ

(= data needed for Knill-Laflamme)

cost:

𝑂 𝑑𝐿ෑ

𝑖=1

𝑚

𝑑𝑃𝑖

3

vs. 𝑂 𝑑𝐿𝑑𝑃
5.246
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1) For G-covariant noise 𝒩 and encoder ℰ, optimal decoding achieved by G-covariant channel [1]

2) Universal transversal gates ⇒ encoder is U(d)-covariant

3) Subsystem erasure U(d)-covariant 

Methods

ℰ𝐿→𝑃ℰ𝐿→𝑃

𝒰1

𝒰2…

𝒰n

… =𝒰𝐿

…for all 𝑈𝐿 ∈ 𝑈 𝑑𝐿

𝒰1

𝒰2 …

𝒰n

𝒰2…

𝒰n

… …

…for all 𝑈𝐿 ∈ 𝑈 𝑑𝐿 𝜌 ≔ 𝒩 ∘ ℰ(𝜓𝐿) ≈ε 𝜓𝐿

𝑈 𝑑 − 𝑐𝑜𝑣
…for all 𝜓𝐿

⇒ QEC as asymmetry distillation task 

[1] Zhou et al. Quantum 5, 521 (2021).



Free operations = 𝑮-covariant channels

ℰ 𝒰g = 𝒱g ℰ

Resource theory of asymmetry

∀𝑔 ∈ 𝐺

Free states = 𝑮-invariant states

𝒰g =𝜌 𝜌

∀𝑔 ∈ 𝐺

Bartlett el al. Rev. Mod. Phys. 79, 555 (2007); Gilad Gour et al. New J. Phys. 10 033023 (2008); Marvian PhD thesis, Waterloo (2012)



𝜌 𝜎?

𝐺 − 𝑐𝑜𝑣

Free operations = 𝑮-covariant channels

ℰ 𝒰g = 𝒱g ℰ

Resource theory of asymmetry

Q: What can we say about future dynamics of a 
system in initial configuration 𝜌 by appealing to 

symmetries?
∀𝑔 ∈ 𝐺

Free states = 𝑮-invariant states

𝒰g =𝜌 𝜌

∀𝑔 ∈ 𝐺

Bartlett el al. Rev. Mod. Phys. 79, 555 (2007); Gilad Gour et al. New J. Phys. 10 033023 (2008); Marvian PhD thesis, Waterloo (2012)



Resource theory of asymmetry

𝜙 𝜓
tr[𝜙𝑓(𝐿)] = tr[𝜓𝑓(𝐿)], ∀ continuous f, generators L⇔

[Noether 1918] 

𝒱G

[1] Noether Nachr. König. Gesellsch. Wiss. Göttingen 2, 235 (1918);  [2] Gour et al. Nat Commun 9, 5352 (2018); [3] Marvian Nat commun 11, 25 (2020) 
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ℰG

ℰG

[this work]𝜌𝜆 ≈ε 𝜓𝜆 ⇔
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*symmetry + additional linearity constraints* 

∀𝜆 ∈ 𝛬:

[1] Noether Nachr. König. Gesellsch. Wiss. Göttingen 2, 235 (1918);  [2] Gour et al. Nat Commun 9, 5352 (2018); [3] Marvian Nat commun 11, 25 (2020) 
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≥ −log(1 − 𝜀)



(Single-shot) entropic constraint on unitarily-covariant codes

Take home message – future work

• Other symmetries? E.g. Clifford group [no-go Chakraborty-Gottesman 2026] / permutation invariant 
codes…

• Noise models beyond erasure [Gupta et al. 2024]?

• Explicit construction of efficient (?) optimal decoders for covariant codes

• Asymptotic analysis?

• Minimal supersets of covariant encoders for circumventing E-K a la [Liu & Zhou 2023]



Thanks!!

Quantum thermodynamics and computing Granada (QTCG)

Joe
Dunlop


